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Letters 

Magnetostatics of Anisotropic EIiipsoidal Bodies As D is constant for ellipsoids, when using (4) X becomes a 
constant vector for interior points and may thus be taken out- 

CARLOS E. SOLIVEREZ side the integral sign in (3). Therefore 

Abstract-The demagnetizing tensor fomalism far ihe evduation of 
mapetization and hiemal fidd in ellipsddal bodies af isotropic ma H(r) = H0 

411 
t e d s  is extended to the case of anisotropic mateds and to the calcu- 
lation of me field outside the body. 

Ellipsoids are the only known nonhysteretic finite bodies 
that become homogeneously magnetized when placed in a uni- 
f o m  applied field. The case of homogeneous and isotropic 
materials thus shaped has been discussed either in the linear 
range or in the saturation limit [ 11 - [3l. In what follows we 
will analyze the case of homogeneous but anisotropic ellipsoids 
for the general nonlinear situation. lnstead of using the 
cumbemome method of separation of variables in ellipsoidal 
coordinates, an integral equation will be wntten for H. A 
certain vectorial function will then be shown to  satisfy the 
equation, thus being the sought after solution. 

Let Ho be the unifom applied magnetic field with fixed 
sources, H the macroscopic magnetic field, and M the body's 
magnetization. Then 141 

= Ho - Ad(r). X(Ho - AD . C), (7) 

where in the last step use has been made of (5). From (4), 
(71, and (2) it is seen that 

C = M = X ( H o  - AD.M). (8) 

Therefore, due to  the fact that the demagnetizing tensor is 
constant for ellipsoids, it follows that the magnetization and 
the interior field are also constant. Notice that, when re- 
placing Ho by an adequate effective field, (8) is the starting 
point in the molecular field approximation for a single-domain 
ferromagnet, where X is usually taken to  be proportional t o  
the Brillouin function [81. In the linear range (2) may be ap- 
proximated by 

M =  X.H, (9) 

where X is the magnetic susceptibility tensor. Then (8) may 
be solved for M gjving 

where V operates on r, and the integration is over the body's M = -  a ' H o ,  
volume V. (For SS. units set X = 1, and for Gaussian units set V 

.,. - - 0 ,  (1  11 
In the general nonhysteretic anisotropic case, M will be a 

single-valued vector function of H, where m is the body's total magnetic dipole moment and a i s  
the body's magnetic polarizability tensor 

M(r) = X(H(r)). (2) 
a =  V(I +xx.D)- '  . X =  V(X-1 + x D ) - ~ .  

It then follows that (12) 

The polarizability tensor that has been previously defined 

(3) only for superconducting ellipsoids 191 provides a compact 
exoression for the toraue T imvressed on the bodv bv the 

where a simple property of V has been used. Equation (3) is 
the integral equation that uniquely determines H. We now 
try the following solution, 

where C is a constant vector, and d(r) is a generalized depolar- 
ization tensor [SI whose components in Cartesian coordinates 
xl, x,, xs are gjven by 

When r is an interior point, d becomes the usual demagnetizing 
tensor D whose properties have been fully discnssed 131, (61, 
and 171. We use the convention 
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. . 
ap&ied field, 

7 = w o m  X HO = w o ( a . H o ) X H u .  (13) 

As soon as M is determined, either from (8) or from the linear 
approximation (101, the magnetic field is also determined both 
inside and outside the ellipsoidal body as long as d(r) is known. 
The constant principal values of D (interior d )  have already 
been tabulated 131, [61. The exterior values of the depolariza- 
tion tensor d may be found in a similar way, deriving them 
from the integral 

through (5). I(r) is the electrostatic potential of a uniformly 
charged ellipsoid, and has been calculated previously in the 
general case [ l o ] ,  [ l l ] .  
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Se expresan los campos eléctricos ~E(~r), dentro y fuera de elipsoidales uniformemente polarizados, en términos de integrales elı́pticas y
sin necesidad de resolver ecuaciones diferenciales. Las expresiones son válidas para materiales homogéneos cualesquiera, sean isótropos o
aniśotropos, sean electretos, dieléctricos o conductores. Se dan las expresiones explı́citas del campo inducido~E(~r) para esferas dieléctricas
y conductoras inmersas en campos aplicados constantes y uniformes.

Descriptores:Electrost́atica; ecuaciones de Poisson y Laplace; problemas de lı́mite-valor.

The electric fields~E(~r), inside and outside uniformly polarised ellipsoidal electrets, dielectrics and conductors, is given in terms of elliptic
integrals. The derivation, valid for homogeneous isotropic and anisotropic materials, makes no recourse to differential equations. The full
expression of the~E(~r) induced for spherical bodies embedded in uniform aplied constant electric fields, either dielectrics or conductors, is
explicity given.

Keywords: Electrostatics; Poisson and Laplace equations; boundary-value problems.

PACS: 41.20.Cv

1. Introducción

Los libros introductorios de electricidad rara vez discuten el
problema de la electrificación de cuerpos finitos. La razón es
la dificultad del ćalculo de distribuciones de campos eléctri-
cos generados por materiales cuyo estado de polarización de-
pende de la misma configuración final de estos campos. Por
tratarse de un problema que debe resolverse de modo auto-
consistente (la polarización de una porción de materia depen-
de de los campos de la materia restante yésta depende a su
vez de los campos que genera esa porción), se deja usualmen-
te para cursos avanzados donde se resuelven las ecuaciones
diferenciales a derivadas parciales de Maxwell por el método
de separación de variables. Entre los pocos cuerpos detalla-
damente discutidos en los textos elementales se cuentan las
láminas de espesor constante y extensión infinita y los cilin-
dros rectos de sección circular y longitud infinita, siempre
para materiales homogéneos e iśotropos. La esfera, el cuerpo
finito más simple, śolo se resuelve con ecuaciones diferencia-
les. Resulta entonces que sólo en los cursos ḿas avanzados
de electromagnetismo, usualmente no tomados por ingenie-
ros, es posible trabajar con cuerpos reales (finitos) y discu-
tir importantes comportamientos de interés t́ecnico, como el
ańalisis de las condiciones en que su polarización puede ser
uniforme, los efectos de la anisotropı́a (materiales cristalinos)
y el comportamiento de conductores finitos en presencia de
campos aplicados uniformes.

La principal raźon de la dificultad para resolver casos más
realistas es que los cursos introductorios de electricidad se
dictan usualmente antes de que los estudiantes conozcan los
métodos del ańalisis vectorial. La situación est́a cambiando
en las universidades donde los cursos de electricidad y mag-
netismo se dictan inmediatamente a continuación de los de
ańalisis vectorial. Esto permite tanto dar demostraciones ge-
nerales rigurosas de las propiedades electromagnéticas de la

materia (en vez de los usuales casos especiales que sólo ilus-
tran la plausibilidad de las leyes invocadas) como resolver sin
necesidad de ecuaciones diferenciales elúnico caso conoci-
do de cuerpos finitos cuya polarización eĺectrica es uniforme,
los elipsoides generales, problema esteúltimo que resolve-
mos detalladamente en este trabajo.

2. Cuerpos con polarizacíon permanente

El potencial eĺectrico V generado por un volumenv de
dieléctrico con polarización uniforme~P es

V (~r) = k1

∫∫∫

v

~P · (~r − ~r′)
|~r − ~r′|3 d3~r

= k1
~P ·

∫∫∫

v

(~r − ~r′)
|~r − ~r′|3 d3~r, (1)

dondek1 = 4π/ε0 = 10−7c2 en el Sistema Internacional
(SI)[1], dondec es la velocidad de propagación de las ondas
electromagńeticas en el vaćıo yd3~r es el elemento diferencial
de volumen. Como

∇ 1
|~r − ~r′| = − ~r − ~r′

|~r − ~r′|3 ,

donde el gradiente se toma respecto de la variable vectorial
~r, se puede reescribir (1) de la forma:

V (~r) = −P̂ · ∇φ(~r), donde

φ(~r) = k1

∫∫∫

v

P

|~r − ~r′| d3~r, (2)

dondeP̂ es el versor adimensional en la dirección y sentido
de ~P , P̂ · ∇ es el operador derivada en la dirección P̂    y φ(~r )
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es —salvo una diferencia de unidadesi—el potencial eĺectri-
co generado cuando el volumenv est́a cargado con densidad
de carga uniformeP /[l]ii. Este mismo resultado puede ob-
tenerse mediante la superposición de dos distribuciones de
carga uniformeQ idénticas cuya distanciaa se hace tender
a 0 mientras se mantiene constante el productoQ · a = P
(definición mateḿatica de dipolo puntual).

De la relacíon entre campo y potencial eléctrico se tiene
que

~E(~r) = −∇V (~r) = −∇
[
(P̂ · ∇)φ(~r)

]
. (3)

Para simplificar la escritura de las ecuaciones posteriores
definimos

I(~r) =
φ(~r) · [l]

k1P
=

∫∫∫

v

1
|~r − ~r′| d3~r′, (4)

lo que permite simplificar mucho los cálculos al remitirnos
al problema ḿas simple del ćalculo deφ. Explicitando las
derivadas se obtiene finalmente

~E(~r) = k1

∑
α

x̂α
∂

∂xα

∑

β

∂I(~r)
∂xβ

x̂β · ~P

= k1

∑
α

x̂α

∑

β

∂2I(~r)
∂xα∂xβ

Pβ , (5)

dondex̂β es el versor del eje coordenadoxβ , conxβ = x, y,
z. Las componentes del campo eléctrico son entonces[2]

Eα(~r) = −4πk1

∑

β

nαβ Pβ , donde

nαβ(~r) = − 1
4π

∂2I(~r)
∂xα∂xβ

. (6)

El tensor adimensional de componentes nαβ fue original-
mente introducido para la resolución de problemas de mag-
netizacíon[3] donde se lo denominatensor demagnetización.
Su aplicabililidad a problemas tanto de polarización eĺectrica
como magńetica, donde caracteriza los efectos de depolari-
zacíon provenientes de la forma del cuerpo, justifica el uso
de un nombre ḿas general, como el detensor depolariza-
ción que se usará aqúı. Se introduce el factor –1/4π en la
definición para que su traza valga la unidad (véase la sección
Propiedades del tensor depolarización).

Es ḿas f́acil calcular~E(~r) en notacíon matricial. Para ello
se reescriben los vectores como matrices columna y el tensor
depolarizacíon como una matriz cuadrada, dando

~E(~r) =




Ex

Ey

Ez


 ,

n(~r) =




nxx(~r) nxy(~r) nxz(~r)
nyx(~r) nyy(~r) nyz(~r)
nzx(~r) nzy(~r) nzz(~r)


 ,

~P =




Px

Py

Pz


 . (7)

En esta notación la Ec. (6) se escribe simplemente de la
forma ~E(~r) = −4π k1n(~r) · ~P , o más expĺıcitamente,



Ex

Ey

Ez


=−4πk1




nxx(~r) nxy(~r) nxz(~r)
nyx(~r) nyy(~r) nyz(~r)
nzx(~r) nzy(~r) nzz(~r)


·




Px

Py

Pz


 . (8)

Se ve aśı que el problema del cálculo del campo eléctrico
~E(~r) producido por un volumenv de materia con polariza-
ción uniforme~P se ha reducido al cálculo del tensor depo-
larizacíon n(~r). Este tensor se obtiene a partir del potencial
generado por una densidad de cargaρ = P /[l] uniformemente
distribuida en el volumenv. En todos los casos donde este po-
tencial pueda expresarse analı́ticamente (caso de los elipsoi-
des generales), se puede también expresar el campo eléctrico
generado por ese volumen cuando tiene polarización eĺectrica
uniforme.

3. Propiedades del tensor de polarización

Se dan a continuación, sin demostración, propiedades den
que pueden deducirse de su definición[4]:

El tensor depolarización es siḿetrico: nαβ = nβα.

La traza del tensor depolarización vale 1 dentro del vo-
lumenv y 0 afuera:

Tr n = nxx(~r) + nyy(~r) + nzz(~r) =

{
1 si ~r ∈ v
0 si ~r /∈ v

.

Cuando el volumenv es un elipsoide general[5]:

• Los valores de las componentes del tensor depo-
larizacíon, que denominamos N, son constantes
para todos los puntos interiores av. No sucede lo
mismo en los puntos exteriores av, donden(~r)
no es constante [Ec. (12)]. Los valores de N deri-
vados de la Ec. (6) pueden expresarse en términos
de integrales elı́pticas[6].

• De la Ec. (8) se ve que el campo eléctrico ge-
nerado por la polarización es uniforme en el in-
terior de elipsoides, pero que ambos vectores no
son en general paralelos. Este fenómeno, bien co-
nocido en el campo de experimentos con materia
magńeticamente polarizada, se denomina aniso-
troṕıa de forma.

• El tensor depolarización interiorN es diagonal en
el sistema cartesiano de coordenadas coincidente
con los ejes principales del elipsoide de semiejes
a1, a2 , a3 y ecuacíon

(x/a1)2 + (y/a2)2 + (z/a3)2 = 1.

• Los t́erminos diagonales son entonces, como se
demuestra en cualquier curso de teorı́a de matri-
ces, los autovalores deN.

Rev. Mex. F́ıs. E54 (2) (2008) 203–207
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• Si dos semiejes del elipsoide son iguales, los
autovalores correspondientes deN tambíen lo
son.

• Cuando un semieje tiende a∞, el correspondien-
te autovalor deN tiende a 0.

4. Tensor depolarizacíon de una esfera

Se calcula a continuación el tensor depolarización de la esfe-
ra, el cuerpo finito de ḿaxima simetŕıa. Para ello se evalúa el
potencialφ dado por la Ec. (2). Si el radio de la esfera esR,
su carga total esQ y se toma el origen del sistema de coor-
denadas cartesianas en el centro de la esfera, del teorema de
Gauss de la electrostática se obtiene[7]:

E(r) =





k1Q

R3
r si r ≤ R,

k1Q

r2
si r ≥ R.

(9)

El campo eĺectrico es radial y de sentido saliente de la es-
fera cuandoQ es positivo. Su ḿoduloE(r) es funcíon śolo
del módulor del vector posicíon~r. Como

~E(~r) = −∇V (~r) = −∂V (r)
∂r

r̂ = E(r) r̂,

se puede integrar∂V (r)/∂r = −E(r) para obtener

V (r) =





−k1Q

2R3
r2 si r ≤ R,

k1Q

r
si r ≥ R.

. (10)

Teniendo en cuenta quev = (4π/3)R3, Q = ρ · v,
ρ = P/[l], Q = (4π/3)R3(P/[l]), dondev es el volumen

de la esfera, se obtiene, de la Ec. (4),

I(r) =





−2π

3
r2 si r ≤ R,

v

r
si r ≥ R.

. (11)

Utilizando la definicíon den [Ec. (6)] se obtiene final-
mente

N(~r) =




1
3 0 0

0 1
3 0

0 0 1
3




=
1
3
1,

n(~r) = − v

4π




3x2−r2

r5
3x·y
r5

3y·z
r5

3x·y
r5

3y2−r2

r5
3z·x
r5

3y·z
r5

3z·x
r5

3z2−r2

r5




,

(12)

dondeN es el tensor depolarización interior (r ≤ R), 1 es la
matriz unidad yn el tensor depolarización exterior (r ≥ R).
Nótese que TrN = 1 y Tr n = 0, como corresponde a las pro-
piedades generales enunciadas. El campo eléctrico exterior a
la esfera es exactamente el de un dipolo puntual con momen-
to dipolar eĺectrico~p = v · ~P .

Usando las Ecs. (8) y (12) se obtiene la expresión del
campo eĺectrico ~E generado por una esfera con polarización
uniforme ~P cuando no hay aplicado un campo externo. Para
que la expresión resultante resulte familiar se ha remplazado
la polarizacíon eĺectrica ~P por el momento dipolar eléctrico
~p = v · ~P = (4π/3)R3 ~P , obteníendose finalmente

~E(~r) = −4π k1

v
n(~r) · ~p =





−4πk1

3
~p si r ≤ R,

−4πk1




3x2−r2

r5
3x·y
r5

3y·z
r5

3x·y
r5

3y2−r2

r5
3z·x
r5

3y·z
r5

3z·x
r5

3z2−r2

r5



·




px

py

pz


 si r ≥ R

. (13)

Parar ≤ R el campo obtenido corresponde al llamado
campo de Lorentz[8], cuyo valor se calcula usualmente me-
diante la expresión integral del campo eléctrico para densi-
dades superficiales de cargas de polarización. Usando la rela-
ción

(3x2 − r2)px + 3x y py + 3x z pz = 3x ~p · ~r − r2px

y las ecuaciones análogas para cada fila del producto matri-
cial n · ~p, se puede reescribir la expresión del campo exterior

exclusivamente en término de vectores:

~E(~r) = −4πk1

v
n(~r) · ~p = k1

3~r (~p · ~r)− r2~p

r5
si r ≥ R.

(14)

Este campo corresponde exactamente al de un dipolo
puntual de momento dipolar eléctrico ~p situado en el origen
de coordenadas[9].

Rev. Mex. F́ıs. E54 (2) (2008) 203–207
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FIGURA 1.

5. Cálculo de n a partir de sus propiedades

En casos de alta simetrı́a, o cuando alguno de los semiejes
tiende a∞, el valor del tensor depolarización interiorN pue-
de obtenerse sin necesidad de evaluar ninguna integral. Para
ello basta utilizar algunas de las propiedades antes enuncia-
das, todas cumplidas por la Ec. (12):

N es diagonal cuando el sistema de coordenadas car-
tesiano coincide con los ejes principales del elipsoide,
cuyos semiejes denotamos conax, ay y az.

La traza deN vale siempre 1.

Si dos semiejes del elipsoide son iguales, los autovalo-
res correspondientes deN tambíen lo son.

Cuando el valor de un semieje tiende a∞, el corres-
pondiente autovalor deN tiende a 0.

Usando estas propiedades se pueden calcular fácilmente
los valores deN correspondientes a una esfera, un cilindro in-
finitamente largo de sección circular y una ĺamina de espesor
finito y extensíon indefinida. Los resultados se ilustran en la
Fig. 1.

Es importante sẽnalar que cuando uno o más semiejes di-
vergen el tensor depolarización interiorN sólo puede evaluar-
se tomando lı́mites en la integral elı́ptica general (no dada

aqúı) o usando las propiedades de simetrı́a precedentes. No
es correcto en este caso usar el potencial derivado del teore-
ma de Gauss de la electrostática. Como ejemplo de la aplica-
ción de las propiedades señaladas, se calcula a continuación
el tensor depolarización interior de una ĺamina dieĺectrica de
extensíon indefinida y espesor finitod, donde se toma como
z el eje normal a la interfase dieléctrico-vaćıo. Como los se-
miejesax y ay tienden a∞, se tiene que Nxx = Nyy = 0. Por
la regla de la traza se obtiene finalmente que

Nxx + Nyy + Nzz = 1, es decir, Nzz = 1.

No hay ninguna propiedad general que permita simplifi-
car de manera análoga el ćalculo del tensor depolarización
exterior. En este caso lasúnicas propiedades disponibles son

nαβ(r ) = nβα(r );

Tr n = 0.

Usando estas propiedades el número de componentes a
evaluarse se reduce a 5, derivándose déestas las cuatro res-
tantes.

6. Polarizacíon inducida

Por ser el conceptualmente más simple, se ha discutido has-
ta ahora śolo el caso de polarizaciones eléctricas permanen-
tes, es decir, el de ferroeléctricos o electretos. En el caso de
dieléctricos normales la polarización es generada por el mis-
mo campo eĺectrico aplicado. En el rango lineal se tiene en-
tonces

~P (~r) = χ · ~E(~r), (15)

donde, salvo en el caso isótropo, la matriz susceptibilidad
eléctricaχ no es ḿultiplo de la matriz unidad1 (matriz no
diagonal o diagonal con autovalores diferentes). Se considera
aqúı sólo el caso homoǵeneo (χ es una matriz constante inde-
pendiente de las coordenadas) cuando se aplica un campo~E0

uniforme en todo el volumenv. De la primera de las Ecs. (8)
se obtiene entonces que para los puntos interiores al elipsoide

~E(~r) = ~E0 − 4π k1N · χ · ~E(~r),

ecuacíon matricial (o sistema de ecuaciones lineales) que
puede resolverse para el campo~E(~r). Se ve que el campo
eléctrico interior es uniforme env y satisface la ecuación

(1 + 4πk1N · χ) · ~E = ~E0, que invertida da

~E = (1 + 4πk1N · χ)−1 · ~E0, (16)

donde1 es la matriz unidad y(1 + 4πk1N · χ)−1 es la ma-
triz inversa de(1 + 4πk1N · χ). A partir de la Ec. (16) se
obtiene la expresión completa del campo eléctrico de un elip-
soide dieĺectrico de susceptibilidadχ colocado en un campo
aplicado uniforme~E0. El campo eĺectrico interior genera una
polarizacíon, tambíen uniforme,

~P = χ · ~E = χ · (1 + 4πk1N · χ)−1 · ~E0. (17)
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Esta polarizacíon genera a su vez el campo exterior al
elipsoide dado por Ec. (8), al que debe sumarse el aplicado,
dando finalmente

~E(~r) = ~E0 − 4π k1n(~r) · ~P

= [1− 4π k1n(~r) · χ · (1 + 4πk1N · χ)−1] · ~E0, (18)

donde la dependencia espacial (pero no la orientación cuan-
doχ no es ḿultiplo de la matriz unidad) está exclusivamente
determinada porn(~r).

Es importante discutir ahora la hipótesis de polariza-
ción uniforme hecha al comienzo del trabajo. Cuando a un
dieléctrico de forma arbitraria se le aplica un campo unifor-
me ~E0, la polarizacíon inducida no será en general uniforme.
Esto se debe a que el campo inductor en cualquier molécula
del material es la composición del campo aplicado y el cam-
po dipolar ~E~P generado por las restantes moléculas. Max-
well demostŕo que ~E~P sólo puede ser uniforme cuando la
superficie ĺımite del dieĺectrico est́a descrita por una expre-
sión algebraica de segundo grado en las coordenadasx, y,
z[10]. La única superficie cerrada de este tipo es el elipsoide
general, mientras que los casos lı́mites de semiejes infinitos
corresponden a superficies abiertasiii. Ésta es la raźon por la
cual el caso ḿas simple en que un dieléctrico puede tener
polarizacíon uniforme es cuando tiene forma elipsoidal, y su
polarizacíon est́a entonces dada por la Ec. (17).

7. Esfera conductora en campo aplicado uni-
forme

La redistribucíon de cargas en conductores puede obtener-
se como el caso lı́mite en que la polarización de la materia
puede producirse con total libertad de desplazamiento de las

cargas eĺectricas. En tal caso, todas las cargas se ubican en la
superficie y ninguna en el interior. La polarización que resul-
ta equivalente~P puede calcularse sabiendo que en el estado
de equilibrio en el interior del conductor el campo resultante
debe ser nulo. Es decir, el campo generado por la distribu-
ción superficial de cargas debe cancelar exactamente el cam-
po aplicado. Si~E0 es el campo uniforme aplicado, se tiene
entonces, por la adición de este campo al de polarización des-
crito por la Ec. (8)

~E(~r) = ~E0 − 4π k1N · ~P = 0, que permite despejar

4πk1N · ~P = ~E0. (19)

Se obtiene~P resolviendo este sistema de ecuaciones li-
neales, que es equivalente a invertir la matrizN. Para una
esfera met́alica de radioR, dondeN = 1/3, la Ec. (19) da

~P =
3

4πk1

~E0, ~p = v · ~P =
R3

k1

~E0, (20)

donde ~p es el momento dipolar eléctrico de la esfera. El cam-
po resultante en el exterior es la composición del campo apli-
cado con el campo dipolar dado por la Ec. (14). Se puede
asimismo calcular la densidad superficial de cargaσ induci-
da sobre la superficie de la esfera usando la bien conocida
fórmula

σ(~R) = R̂ · ~P , (21)

dondeR̂ es el versor adimensional normal y saliente de la
superficie de la esfera en el punto~R. Si se elige el sistema
de coordenadas de modo que~P coincida con el ejez y θ es
el ángulo que formâR con z, se obtieneσ(θ ) = P ·cos(θ ).
Esto muestra que, como debe ser,σ alcanza su valor ḿaximo
positivo en (0, 0,R), su ḿaximo negativo en (0, 0,R) y se
anula sobre el plano ecuatorialz = 0.

i. La diferencia consiste en que el numerador debiera tener unida-
des de densidad de carga [q]·[l]3 (C/m3 en SI) y tiene en cambio
unidades de densidad de polarización [q]·[l]2 (C/m2 en SI).

ii. [l] es, en notacíon internacional, la designación de la unidad de
longitud del sistema en uso.

iii. Seǵun el conocimiento del autor, no parece haber sido estudia-
do el caso en que el cuerpo está delimitado por la intersección
de dos o ḿas superficies diferentes de segundo grado.

1. Los correspondientes a otros sistemas de unidades pueden obte-
nerse de John David Jackson,Classical electrodynamics(John
Wiley & Sons, New York 1962) p. 616.

2. La versíon magńetica de este resultado fue publicado por pri-
mera vez por el autor enIEEE Trans. Magn.17 (1981) 1363.

3. D. Landau y E.M. Lifshitz,Electrodynamics of continuous me-
dia (London 1941), p. 26.

4. R. Moskowitz y E. Della Torre,IEEE Trans. Magn.2 (1966)
739 y referencias allı́ dadas.

5. Las condiciones para que una función algebraica de segundo
grado describa un elipsoide general están detalladamente dis-
cutidas en G.A. Korn y T.M. Korn,Mathematical handbook for
scientists and engineers(McGraw-Hill, New York, 1968) p. 79.

6. MacMillan, The theory of the potential(Dover, London 1958)
p. 45.

7. Véase, por ejemplo, Young y Freedman,Sears and Ze-
mansky’s University Physics with Modern Physics, 10a edición
(Addison-Wesley, EE. UU. 2000) p. 723.

8. Véase, por ejemplo, A.J. Dekker,Solid State Physics(Prentice-
Hall, Englewood Cliffs, 1962) p. 42.

9. Véase, por ejemplo, J.R. Reitz, F.J. Milford y R.W. Christy,
Foundations of electromagnetic theory(Addison Wesley, Re-
ading Mass., 1979) p. 39.

10. J.C. Maxwell,A treatise on Electricity and Magnetism(Dover
Books, New York, 1954) Vol. 2, p. 66.
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Denvation of Analytical Expressions for the Magnetic 
Torque as a Function of Experimental Pararneters 

Abstraa-Simple annlytical expressions are derived for the maguetk 
torque on a magnetic crystal as a lunction of field intcnsity and ori- 
entation. The expressions, obtaiued by means of a recently inlroduced 
method of analytical continuation of series, are accurate enaugh in the 
whole rauge of physicsl parameters. This makes it possible lo use them 
as universal curves for describing experimental results. 

XPERIMENTS based on measurements of magnetic Et orque are an important source to determine some 
physically meaningful information on magnetic crystal- 
line solids. The saturation magnetization and the mag- 
netic anisotropy constants are, for instante, some of the 
relevant physical parameters [ l] ,  [2]. 

In order to obtain such constants fmm torque experi- 
ments, it is necessary to have analytical expressions for 
the torque (or other pmperties related to it) as a function 
of the experimental variables. In our case there are two 
such variables: the intensity of a static magnetic field ap- 
plied on the crystal ( H )  and the angle between that field 
and a properly chosen crystal axis (e) .  

Several procedures have been developed to get such an- 
alytical expressions [3], [4], al1 of them based on repre- 
senting the torque as a Fourier series in sin 0 with coef- 
ficients depending on H. These series involve a sort of 
strong-field approximation which limits their range of ap- 
plicability. In fact, it is at present not quite clear if the 
expressions derived in that way can be applied in a wide 
range of values of H and O. 

If one looks for a representation of the magnetic torque 
as an expansion in power senes of H, a new difficulty 
anses owing to the lack of convergente of the series in 
the strong field case. The Fourier senes does not seem to 
be a better altemative, because, as each Fourier coeffi- 
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cient genemites al1 powers of H, the tmncation of the for- 
mer cannot be compared to any tmncated expansion in 
powersofHi11, P I ,  i41. 

The aim of this paper is to apply a new method of han- 
dling a power series in order to get an analytic universal 
curve of magnetic torque valid for both intense and low 
magnetic fields. To avoid the inconvenientes of the afore- 
mentioned methods, we must start from new principies. 
With that purpose we will take advantage of a method, 
called from now on the functional method (FM) [S]-[7], 
recently developed to deal with a wide class of physical 
problems posed by power series. This technique has been 
successful in obtaining simple approximate analytical 
expressions for the function of interest, by using both a 
number of its Taylor coefficients and information ahout 
the asymptotic behavior of the function. 

The paper has been organized as follows: in Section 11 
we discuss the magnetic-anisotropy energy for various 
crystals and obtain some analytical information about the 
magnetic torque as a function of experimental parameters. 
In Section 111 we apply the FM to derive a universal an- 
alytical curve for the magnetic torque. The present ver- 
sion of the FM differs from the previous one [5]-[7], be- 
cause of the presence of a second variable (besides H )  in 
the angle 8. Results and some experimental consequences 
of our pmcedure are discussed at length in Section IV. 

11. MAGNETIC-ANISOTROPY ENERGY AND MAONETIC 
TORQUE 

Let us briefly review the main results refemng to the 
magnetic torque of a crystal, in order to obtain the equa- 
tions which are the object of this study. To discuss the 
basic relationships, it is enough to consider at present only 
a cubic crystal. Let M be tbe intnnsic magnetization of 
the crystal; for such a system the magnetic anisotropy en- 
ergy (per unit volume) is given by [l],  [2] 

2 2 2 E = ~ , ( a : a : + a : & + a : a : ) + K ~ a ~ a ~ a ~  (1) 

where { a i  } are the direction cosines of M, and K , ,  K2 are 
known as the magnetic-anisotmpy constants. ln order to 
measure the magnetic torque, tbe crystal is allowed to ro- 
tate around a given axis. In order to apply the method later 
t o a  larger class of crystals, we will consider here a con- 
venient choice of rotation axis; if we now choose the crys- 
tal direction 1001 1 as that axis, (1) becomes [l], [2] 

E = K ,  cos2 a sinZ ol (2) 
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where a ,  = cos a ,  a2 = sin a ,  and a3 = O. Using (2), we 
get for the magnetic torque 

7 = a ~ / a a  = (K1/2) sin 4a.  (3)  

If we apply an externa1 magnetic field H on the crystal, 
with an angle O with respect to the axis / 100 1, we obtain 
a total torque 

= T - a laa  {HM cos (O - a ) } ,  

where the equilibrium condition (¡.e., T, = O) allows one 
to determine 7 experimentally. Our pmblern is, of course, 
to obtain the physically meaningful magnetic parameters 
of the crystal fmm the measurement. 

In the equilibrium condition, (4) can be rewritten as 

T' = sin 4a = b sin (O - a )  ( 5 )  
where T' = r /KI and b = 2HM/Kl are dimensionless 
constants. In particular, M, = K I r f / 2 H  is the normal 
component of the magnetization. The parameters O and H 
are known beforehand, while a ,  K,, and M are unknown 
and must be determined. 

It should be stressed that (5) is general enough for our 
purposes. Although only K, appears in ( 3 ,  an appmpriate 
experimental dispositive allows one to "uncouple" K2 
from K,, and to describe the former through an equation 
similar to (5) [ l ,  p. 1871. Furthermore, ( 5 )  stands also for 
the third magnetic anisotropy constant in a tetragonal axis 
(see details in Section IV). 

In order to obtain the physical parameter characterizing 
the system, it is necessary to have accurate analytical 
expressions for the magnetic toque as a function of b and 
O. The main purpose of this paper is the derivation of such 
expressions using a new method. As we shall see, it is 
designed to avoid the main drawbacks characteristic of 
the pmcedures based on the Founer series [l], [3], [4]. 

Fmm simple trigonometric relationships, (5) can be 
transformed into an algebraic equation 

-64 x8 + 128 x6 - 16b xS sin O - 80 x4 

+ 24 x3  sin O + (16 - b2)x2 - 8b x sin O 

+ bZ sin2 O = O, x = sin a. ( 6 )  

Let us first analyze the number and type of roots of this 
equation in order to obtain analytical expressions for x in 
t ems  of sin 0 and b. 

When b = O we have the roots: x"' = x ( b  = 0 )  = 0, 
1 /2, -1/2, 1, and - 1, whose multiplicities are 2, 2, 2, 
1, and 1, respectively. Among them, x(O' = f 1 corre- 
spond to the case where M coincides with a crystal axis 
( a  = f r / 2 ) .  The remaining roots are at the same time 
local extrema. On the other hand, when b + ca we have 
x'(o) = x ( l / b  = 0 )  = +sin O, that is, only two real 
mots. Owing to the periodic nature of the problem, the 
range r / 4  5 O S r / 2  is enough for al1 purposes, which 

shows that the imponant roots are those which correlate 
as 

lim x = 1 lim x = sin O. 
b-O b-* 

(7 )  

Equation (7) can be easily understood: when the magnetic 
field intensity is zem ( b  = O), the magnetization M co- 
incides with a crystal axis (other than the one taken as the 
mtation axis); on the other hand, when the field intensity 
tends to infinity ( 1 /b = O), the magnetization coincides 
with the field direction. 

One of the simplest appmaches to get analytical expres- 
sions for the magnetic toque would consist in obtaining 
fmm (6) a representation of a as a power series in b or 
sin O. 

This appmach would result in equations valid for both 
high and low field intensities, instead of expressions valid 
for large or small O angles (as those deduced from the 
Fourier series). The former case presents an interesting 
alternative, because it would allow one to derive accurate 
analytical expressions by matching high and low field in- 
tensity expansions using a method of analytical contin- 
uation. This approach does not seem to have been consid- 
ered before, even though as we shall show, it is both 
simple and advantageous. 

111. ANALYTICAL EXPRESSIONS FOR THE MAGNETIC 
TORQUE FROM POWER SERIES 

The roots of (6) can be expanded in power series of b 
and bK1, about b = O and l / b  = O, respectively (Taylor 
and Laurent series) 

The coefficients {x'")} and {xl("))  can be easily calcu- 
lated. In order to keep our approach as simple as possible 
we will restrict ourselves only to the first few coefficients. 
Intmducing (8a) into (6), and equaling to zero the coef- 
ficient premultiplying b" (n  > O), we can derive the coef- 
ficients x'"' which are consistent with the condition given 
by (7) for b = O. Retaining only the terms up to the order 
b2, we get 

x = 1 - (cos2 e/32)bZ + 0(b3) .  ( 9 4  

Pmeeding in a similar way, we introduce (8b) into (6), 
equal to zem the coefficients of by" (n  > O), and use (7) 
for the term corresponding to n = O ( 1 / b  = O). Retaining 
the terms up to the order b-2, the result is 

+ sin O }  b-2 + ~ ( b - l ) .  (9b) 
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The matching of expansions (9) can be accomplished 
through a recently developed method [S]-[7]. This simple 
procedure has been shown successful at summing differ- 
ent kinds of power series expansions with finite and even 
zero convergence radii [5]-[7]. As the method takes into 
account the asymptotic expansions related to the function 
under study, it is appropriate to use it in this case because 
the coefficients for both expansions are known. 

In order to apply the above-mentioned method it is con- 
venient to define the function E ( A) = x - 1, where A = 
1 l b .  We thus have the following expansions: 

where E"' = x"" - 1, and E'"' = x""', for n = 1, 2, 
. . , about A = 0, and 

where E""' = x'"'~', for n = 0, 1, 2, . . , about l /A  
= 0. 

Tbe essential idea in the proposed method (FM 151-171) 
is to introduce a mapping from the unbounded variable A 
(or b) to a new bounded one w, and then to approximate 
the unknown function E (  A )  as a sequence of polynomials 
in the latter variable. The variable w and the sequence of 
polynomials are determined in order to fulfill two basic 
conditions: 1) the new appmximation to the function must 
possess the correct analytical structure predicted by both 
asymptotic expansions (for large and small values of the 
variable); 2) the polynomials in w must lead to the correct 
Taylor expansion when rewritten as power series in A or 
A-'.  According to the method, the knowledge of the 
asymptotic expansion for A >> 1 allows one to design 
the most appropriate mapping of the interval O 5 Re A 
< m, onto O S Re w < 1 [5]-[7]. In our case, as in 
many other cases, the interval O 5 Re A < m is the only 
interval relevant for most practica1 applications. The fact 
that the new variable is bounded suggests that the poor 
convergence properties of the power series representation 
of E in the original variable would be improved in the new 
representation (i.e., the original divergente would be 
"smoothed"). In fact, it can be shown rigomusly that in 
most cases the series in powers of w are convergent for 
1 wl 5 1, that is, for al1 values of interest of the original 
variable A [51-171. 

We will associate to any function having the type of 
asymptotic expansion characterized by (10b) the follow- 
ing variable [S]-[7]: 

and sequence of polynomials 

E(A) = SE, = (W/A? SN(k, w) ( I i b )  
where 

with {e'"'} a set of k-dependent coefficients to be deter- 
mined later. The method provides an imponant degree of 
freedom in the real parameter k, which can be chosen as 
sbown below. Substituting (I la)  into ( I lb)  and (I lc) ,  it 
is clear that the function SEN possesses the same asymp- 
totic expansions that E (  A) for both regimes of the vari- 
able A. This assures us the fulfillment of condition 1) 
mentioned above. In order to fulfill tbe second condition, 
we substitute (1 la) in (1 lb) and (1 lc), then we expand 
the expression in power series of A. Accordingly, we de- 
termine the coefficients {e'"'} in order to reproduce the 
original coefficients {E'"'). In case of approximating 
E (  A) by SEN, only the knowledge of the first N coeffi- 
cients E("' will be necessary. The final result is simply 
[51-171 

where C ( a ,  b )  = a ( a  - 1 )  ( a  - 2) . . . ( a  - b + l)/b! 
stands for the combinatorial numbers. The parameter k 
can be detemined as follows: if the sequence {SE,, N = 
1, 2, . . . } is to converge towards E (  A) for al1 A values 
for N large enough, then for 1/A -r O (w + 1 )  the fol- 
lowing condition should necessarily be satisfied (cf. (1 1) 
and (IOb)): 

lim lim {sN(k, w ) }  = lim {~ , (k ,  1 ) )  = E"" 
N-m I/A-O N - a  

Because the sequence { S, (k, 1 ) } must converge to a k- 
independent result (cf. (13)), one can expect that SN (k, 
I ) ,  as a function of k, will exhibit a pIateau whose exten- 
sion will increase as N increases. This behavior is quali- 
tatively displayed in Fig. 1. When we compare SN (k, 1)  
with SN.(k, l),  N '  > N, we see that in the latter case the 
function (1 lc) shows a more extended and damped oscil- 
lation about the exact result. Consequently, a reasonable 
k value can be obtained if it is chosen within that plateau 
[5]-[7]. Owing to the fact that the stationary and inflexion 
points of S, (k, 1 ) as a function of k clearly define points 
belonging to the plateau, they have been chosen as opti- 
mum k values [S]-[7]. It is enough for our present pur- 
poses to choose k as an inflexion point.(k$', from now 
on); if there is more than one inflexion point, we will 
choose the one corresponding to the point with lower ab- 
solute value of the first derivative. 

In the case of N = 2, we get the following very simple 
and useful approximate expression for the function of in- 
terest: 

where k* is different for each O value, and it is given by 

k* = max ky', (ky');' = (1/20E'~')  { - 2 4 ~ " '  
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TABLE l 
DEPENDENCEOF T' = 7/KI ON b = 2HM/KI, FOR 0 = 72' 

l > 
9 k 

Fig. 1. Qualitative dependence of the sequences SN (k, 1 )  on the param. 
eter k. for d i f fe~nr  valses af N (number of  Taylor coefficients). 

As shown above, the coefficients E(' )  are easily deduced 
fmm (8)-(10). By using these coefficients, (14) pmvide 
an appmximate analytic expression for the dimensionless 
torque 7' 

T' - sin 4{arcsin (S& + 1) )  (15) 

as a function of both b and O, whose pmperties we will 
discuss in the next section. 

Another simple expression for 7' can be obtained if k* 
is determined in order to satisfy the exact behavior when 
b -+ O. In this case, we simply have to choose k* so that 
the following equality is satisfied: 

~ , ( k * ,  1) = E ' ( O ) ' .  (16) 

As we shall see, results are greatly impmved when one 
takes E"" into consideration to perform the calculations. 
In this case, coefficients for both asymptotic expansions 
are included explicitly up to the second order, in the cor- 
rect analytic framework, to reconsttuct the function E( A). 

It has been shown in [5]-[7] that the pmcedure dis- 
cussed above is more advantageous when the series (loa) 
is sign-oscillating. Consequently, it is expected that there 
will be an optimum muge of values of O for the application 
of the present method, corresponding to that in which the 
sign-oscillation is found. Using (9b) and (loa), it is clear 
that E"' 2 O and E") 5 O in the range of O values of 
interest (45" í O S 90"). Accordingly, to obtain the 
oscillation in sign we must determine the range of 8, in 
the interval above, so that 2 O. From (9b) it is de- 
duced that 

Thus for 45" S O S 63.92" one can expect poorer results 
when using (14) for b + 0. 

IV. RE~ULTS AND FURTHER COMMENTS 
We have studied two types of universal curves for the 

magnetic torque: 7' venus O (at a fixed b value), and 7' 

versus b (at a fixed O angle). 
In the first case, we have chosen O = 72' (according to 

(17)) in order to illustrate the quality of the results derived 
fmm (14) and (16). Table 1 shows the results obtained, 
compared with those deduced fmm the exact numerical 

100.0 0.93878 0.93878 

'Equations (14a) and (16); k *  = 6.797809685. 
Squation (14); A:" = 6.65259310. 
'Numerical solution of (5) ("exact" results). 

solution of f5). It is clear that the results are highly im- 
pmved when using (16); nevertheless, both appmacbes 
can be considered, because of their simplicity, as excel- 
lent analytical appmximations to 7' in the whole range of 
b values. 

With regard to the universal curve 7' versus O, we must 
choose a physically meaningful value of b. Taking into 
account the following estimations for tbe constants [1]- 
r41: 

K, = lo5 erg . cm-3 lo3 < H (Oe) < lo5 

we obtain the range 10 < b < 10'. Tbe greater the b 
value, the better the results; as a consequence, we have 
chosen b = 10 and b = 100 as critica1 examples to test 
our method. Fig. 2 shows the results obtained using (14) 
for 45" 5 O 5 90'. For b = 100 the results are indistin- 
guishable fmm the exact ones (circles); for b = 10 the 
agreement is still excellent. Then we conclude that the 
method allows one to have an analytic expression for T' 

as a function of O and b, with a precision comparable to 
that of experimental results. 

An expression of 7' as a function of b, instead of H.  is 
more general because b is only proportional to H if M and 
KI are independent of it. This happens only if H is very 
large. 

Let us add a word in regard to the application of the 
method. Owing to the fact tbat T' and b are dimensionless 
it is necessary, first of all, to determine the scale of the 
universal curve. This can be simply accomplished by de- 
termining the maximum torque (7' = l ) at a very intense 
magnetic field, which gives Kl. Using this value and the 
experimental result for the magnetic torque T at a fixed 
angle O, our method makes it possible to determine the 
magnetization M. 

As we mentioned in Section 11, the above analysis is 
general enough to pmvide a description of the magneto- 
crystalline anisotropy effects in different systems, not only 
in the easy axes of magnetization of a 1001 1 plane in a 
cubic crystal. To illustrate this point, let us consider first, 
for example, a group of uniaxial crystals. 

For a tetragonal crystal, including only terms up to the 
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ü (Degrees) 
Fig. 2 .  Dependence of the dimensionless torque r' = r / K ,  on the angle 

8 for fixed values of b = 2 H M / K , .  ------ :  b = 100; -: b = 10: 
e: exnct results. 

fourth order, the magnetic anisotropy energy can be writ- 
ten in polar coordinates as [ l]  

with a the angle between the magnetization vector and the 
crystal axis of the uniaxial system. Analogonsly, a similar 
expression can be written for the energy of a uniaxial 
crystal of hexagonal type [ l]  

+ K, sin6 a cos 69. (19 )  

It is interesting to discuss how the present method can be 
applied to the study of the magnetic properties of the 
above systems by means of torque experiments. Our study 
is devoted, as mentioned before, to the design of analyt- 
ical representations of universal curves useful to the de- 
termination of the anisotropy constants. In order to obtain 
al1 of them, we need to describe the magnetization under 
rotation about different axes. This can be accomplished 
following a strategy that takes advantage of the expres- 
sions already deduced in Sections 11 and 111. 

If a uniaxial crystal is rotated about a direction perpen- 
dicular to the crystal axis, the toque per unit volume is 

T = aE/üa = (K1 + K2) sin 2 a  - (1/2) K2 sin 4 a  

when a magnetic field H, with an angle 6' in respect to the 
crystal axis, is applied. The equilibrium condition be- 
comes in this case 

(K, + K2) sin 201 - (1/2) K2 sin 4 a  = HM sin (6' - a). 

It is clear that we will have, once again, an algebraic 
eighth-degree equation in x = sin a to describe the torque 
above. However, even though the stmcture of the equa- 
tion will be the same, we have in (21) two unknowns in 
Kl and K2. Nevenheless, the problem can be solved in a 
simple way if one proceeds as follows 111: First, a com- 

posite sample is prepared consisting of two of the above 
uniaxial crystals (equal in size) with their crystal axes per- 
pendicular to each other. Then, the sample is mtated about 
a third axis perpendicular to both previous crystal axes. 
Analyzing the magnetic torque in this condition one ob- 
tains 

T = - (1 /2 )K2s in4a .  (22) 

This result shows clearly that the anisotropy constant K2 
can be obtained, exactly as earlier discussed for the case 
of KI,  for the cubic crystal in the 1001 1 plane. After de- 
termining K2, substitution of it into (21) transforms the 
latter into an equation similar to the one discussed in Sec- 
tion 11. Furthermore, if a tetragonal crystal is studied by 
rotating it about its principal axis, the torque required be- 
comes 

T = -4K3 sin 4a.  (23) 

Accordingly, we notice that al1 anisotropy constants can 
be denved in a similar fashion for a uniaxial crystal using 
the same family of universal curves discussed in previous 
sections. 

To study the magnetic properties of cubic crystals out 
of the 1001 1 plane we must rotate it about a different axis. 
This will introduce the second anisotropy constant K2. If 
the rotation is done, for instante, abont the IOil 1 axis, 
one obtains [ l]  

T = (Ki/4 + K2/64) sin 201 + (3K1/8 + K2/16) 

sin 4 a  - (3/64) K2 sin 601. (24) 

Once Kl is known, the equilibrium condition applied to 
(24) gives an equation containing K2 as the only un- 
known. In this latter case, the presence of a term such as 
sin 6 a  gives rise to an algebraic equation of 12th degree 
in sin a. The treatment is slightly more complicated in 
this case, but it can be accomplished following a similar 
procedure: 1) determine the correlation between the roots 
in the limits H + O and H + m;  2) obtain the first few 
coefficients of the corresponding Taylor and Laurent 
power series expansions of the roots; 3) use the FM to 
continuate analytically the series and provide an expres- 
sion for the new tarque as a function of the field intensity 
and the angle 6'. The formulation provided for the FM in 
Section 111 is general enough to treat this or any other kind 
of problems leading to algebraic equations such as (5). 

The method explained above throws some light on a 
unified approach to derive analytical expressions for 
torque curves, and to provide a strategy for the determi- 
nation of the anisotropy constants. A combined applica- 
tion of the present procedure for different crystal planes 
would be also valuable at modeling the low-field ponions 
of hysteresis loops. Work on this possibility is being done 
at present in our group. 
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ELECTROSTATIC AND MACNETOSTATIC BEI-1AVIOUR 

OF ELLIPSOIDAL BODIES 

Carlos E.Soliverez 

ABSTRACT 

A general survey is made of the macroscopic behaviour 
of ellipsoidal ferroclectric, ferromapnetic, dielectric, 

paramagnetic, diamapnetic, conducting,and superconducting 

boclics in uniform elcctrostatic and magnetostntic 

applied fields. The determination of the polarisation in 

saturated ferroelectric and ferromagnctic matcrials is 

discussed. In al1 cases the interna1 and externa1 fields, 

energy, force and torque on the body are civen in terms 

of the applied. field, of tlie polarisation,and of the 

depolarisation tensor n which completely characterizes 
N 

the geometry of the problen~. The dcpolarisation tcnsor 

is a Function only of thc ellipsoid's diameters and its 

p.rinc.ipa1 values inside tlie body are the familiar demag- 

netisjng coefficients. For al1 non-linear materials the 

polarisation is an implicit function of the applied Zield, 

of n and of the material's propertieS. In the linear case 
N'  

the polarisation may be expressed as a linear function of 

the applied fiel13 in terms of the polarisability tensor 

in a way completely analogous to thc molccular casc. This 

polarisability tensor is given as a simple function of the 

body ' S  tensorial susccptibi li ty x ,and of the interior 
depolarisation tensor. Wlien faking scalar susceptibilities 

x =  m and x = - 1  (S.1.units) t h o  case of conductors and 

superconductors are respcctivcly obtaincd. The mcaning of 

the fictive polarisations introduced in these two cases is 

discussed. 

Administrador
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LIST OF SYNDOLS 

- A l 1  syntbols underliiied w i t l i  a wavy l ine are bolrliace: M 
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1 . INTRODUCTION 

The e l ' e c t r o s t a t i c  o r  m a g n e t o s t a t i c  problem o f  an  a r b i t r a r i l y  

shaped body p l a c e d  i n  a  u n i f o r m . a p p l i e d  f i e l d  may i n  g e n e r a l  be  

s o l v e d  o n l y  i n  an approx ima te  way. T h i s  i s  a  consequence o f  t h e  

n o n - l o c a l  c h a r a c t e r  o f  t h e  problem, where t h e  p o l a r i s a t i o n  i n  

any g i v e n  p o i n t  depends on t h e  p o l a r i s a t i o n  o f  t h e  whole body. 

F o r t u n a t e l y  t h e r e  i s  a t  l e a s t  one  s i t u a t i o n ,  p e r h a p s  u n i q u e ,  

f o r  which t h e  c h a r a c t e r  o f  t h e  problem i s  p u r e l y  l o c a l :  t h e  

c a s e  o £  e l l i p s o i d a l  b o d i e s .  Here t h e  f i e l d s  and p o l a r i s a t i o n s  

may be w r i t t e n  i n  t e rms  o f  a  p u r e l y  g e o m e t r i c a l  e n t i t y ,  
1 t h e  d e p o l a r i s a t i o n  t e n s o r  . 

E l l i p s o i d s  p l a y  a  d i s t i n g u i s h e d  r o l e  i n  e l e c t r o m a g n e t i s m  

b ecaose t h e y  a r e  t h e  o n l y  known f i n i t e  b o d i e s  which whcn 

p l a c e d  i n  homogeneous a p p l i e d  f i e l d s  r e spond  w i t h  un i fo rm 

p o l a r i s a t i o n s  and i n t e r n a 1  f i e l d s .  

e r r n r  o í  believi-A t h ~  e l  lii,snirLal 
t n  iini f- nnl n r i  S~tisftaftd 

~ n t ~ r n * - A s  w i l l  b e  s e e n  i n  s e c t i o n  3 t h i s  problem may 

be  reduced  t o  t h e  s i m p l e r  one  o f  s e e k i n g  t h e  s h a p e s  such  t h a t  

a  c e r t a i n  i n t e g r a l  f u n c t i o n  V (ou r  I ( r ) ) i s  a  second d e g r e e  
N Z  I polynomial  i n  x ,  y ,  z. Quot ing  Maxwell ... t h e  o n l y  c a s e s  

w i t h  - - -  which we a r e  a c q u a i n t e d 3  i n  which V i s  a  q u a d r a t i c  f u n c t i o n  

o f  t h e  c o o r d i n a t e s  w i t h i n  t h e  body a r e  t h o s e  i n  which t h e  body 

i s  bmncled by a  comple te  s u r f a c e  o f  t h e  second d e g r e e ,  and t h e  

o n l y  c a s e  i n  which such  a  body i s  o f  f i n i t e  d i m e n s i o n s i s  when 

i t  i s  an e l l i p s o i d ' .  I t  seems r e a s o n a b l e  t o  assume t h a t  

e l l i p s o i d a l  b o d i e s  a r e  t h e  o n l y  f i n i t e  ones  t o  have  t h e  

q u a d r a t i c  p r o p e r t y ,  b u t  i n  o u r  knowledge no one  h a s  e v e r  proved 

t h i s  t o  be  s o .  

From t h e  p e d a g o g i c a l  p o i n t  o f  view t h e  o n l y  s h a p e s  d i s c u s s e d  

a t  an e l e m e n t a r y  l e v e 1  a r e  l imits  o f  e l l i p s o i d s :  t h e  semi-  

i n f i n i t e  s l a b  o r  t h i n  d i s c  (1  f i n i t e  d i a m e t e r ,  2 e q u a l  and 

i n f i n i t e  d i a m e t e r s )  and t h e  i n f i n i t e l y - l o n g  c i r c u l a r  c y l i n d e r  

( 2  e q u a l  and f i n i t e  d i a m e t e r s ,  1 i n f i n i t e  d i a m e t e r ) .  The analysis 

i s  b a s e d  o n l y  on c o n t i n u i t y  c o n d i t i o n s  f o r  t h e  f i e l d s ,  

l e a v i n g  t h e  t h i r d  o f  t h e  s i m p l e  s h a p e s ,  t h e  s p h e r e ,  f o r  more 



advanced  t r e a t m e n t s .  The e x p e r i m e n t a l  d e t e r m i n a t i o n  o f  e l e c t r i c  

and magne t i c  p o l a r i s a t i o n s  and o f  m a g n e t i c  a n i s o t r o p y  c o n s t a n t s  

i s  u s u a l l y  made by measu r ing  t h e  f o r c e s  o r  t o r q u e s  a c t i n g  on 

s p h e r e s ,  d i s c s  o r  c y l i n d e r s  p l a c e d  e i t h e r  i n  un i fo rm o r  i n  
4 c a r e f u l l y  c o n t r o l l e d  inhomogeneous f i e l d s  . I t  i s  o f  i n t e r e s t  

i n  t h e s e  c a s e s  t o  f i n d  t h e  i n i l u e n c e  o f  s m a l l  d e p a r t u r e s  from 

t h e  p e r f e c t  s h a p e ,  d e p a r t u r e s  t h a t  may b e  t a k e n  t o  be o f  e l l ipso ida l  

n a t u r e .  Converse ly ,  f i e l d s  may b e  measured t h r o u g h  t h e i r  action 

on s p h e r o i d a l  ( u s u a l l y  n e e d l e - s h a p e d )  b o d i e s  .ni;th known e l e c t r i c  

and  m a g n e t i c  p r o p e r t i e s .  

From t h e  t e c h n o l o g i c a l  p o i n t  o f  view methods s u c h  a s  m a g n e t i c  

s e p a r a t i o n  and  e l e c t r o s t a t i c  p r e c i p i t a t i o n , a n d  p r o p e r t i e s  such  

a s  t h e  c o e r c i v i t y  o f  m a g n e t i c  t a p e s ,  t o  c i t e  o n l y  a  few,  depend 

on t h e  p a r t i c l e ' s  shape  d i s t r i b u t i o n ,  a problem t h a t  may b e  
5 t a c k l e d  o n l y  i n  t h e  a p p r o x i m a t i o n  o f  e l l i p s o i d a l  s h a p e s  . 

I t  i s  t h e r e f o r e  b a f f l i n g  t o  f i n d  t h e  problem d i s c u s s e d  o n l y  

i n  a  s m a l l  number o f t e x t b ~ k s a e l e c t r o m a g n e t i s m ,  and t h a t  t h e  

t r e a t m e n t  g i v e n  i n  t h o s e  fewwtbooks  l a c k s  e i t l i e r  

c l a r i t y  o r  g e n e r a l i t y .  I n  what  f o l l o w s  an  a t t e m p t  i s  made t o  

C i l l  t h i s  v o i d  by  c o l l e c t i n g  known r e s u l t s  t h a t  a r e  
by s c a t t e r e d  t h r o u g h  t h e  l i t e r a t u r e ,  and,,generalizing c o n c e p t s  and 

t r e a t m e n t  whenever  t h i s  was f e a s i b l e .  

A l 1  s o r t s  o f  homogeneous m a t e r i a l s  w i l l  b e  c o n s i d e r e d ,  b o t h  

i s o t r o p i c  and a n i s o t r o p i c .  

The a p p l i e d  

f i e l d  w i l l  be  t a k e n  t o  h a v e  f i x c d  sources,that;s+orcw;vi unchanged 

upon t h e  i n t r o d u c t i o n  o f  t h e  body.  

For t h e  d i s c u s s i o n  i t  i s  cmeni ;ent  t o  c o n s i d e r  séparately 

t h r e e  d i f f e r e n t  k i n d s  of  m a t e r i a l s :  

A )  f e r r o e l e c t r i c s  and f e r r o m a g n e t s ;  

B )  d i e l e c t r i c s ,  d i a m a g n e t s  and p a r a m a g n e t s ;  

C) c o n d u c t o r s  and s u p e r c o n d u c t o r s .  

Case  A c o r r e s p o n d s  t o  m a t e r i a l s  w i t h  a  permanent  polarisation 

which does  n o t  depend solely  o11 the aoplied f i e l d .  I n  t h i s  c a s e  

t h e  p o l a r i s a t i o n  h a s  t o  be g i v e n  a s  d a t a ,  a l t h o u g h  t h i s  does  

n o t  mean t h a t  i t  rnay be chosen  a t  w i l l ,  a s  i t  i s  d i s c u s s e d  i n  

s e c t i o n  2 .  For  a  g i v e n  u n i f o r m  p o l a r i s a t i o n  t h e  f i e l d s  

i n c i d e  and o u t s i d e  t h e  body a r e  a  f u n c t i o n  o n l y  o f  t h e  



d e p o l a r i s a t i o n  t e n s o r  n .  T h i s  rank- two symmetr ic  t e n s o r  seeins 
N 

I t o  have  been  p r e v i o u s l y  d e f i n e d  o n l y  a t  i n t e r i o r  p o i n t s  . I n  

t h e  l i t e r a t u r e  o f  magnetism t h i s  i n t e r i o r  v a l u e  N i s  c a l l e d  
N 6 ( a p a r t  from a  p o s i b l e  4iT f a c t o r )  t l i e  d c m a g n e t i s a t i o n  t e n s o r  , 

a <re 
and i t s  p r i n c i p a l  v a l u e s  t l ie  d c m a g n e t i s a t i o n  f a c t o r s  o r  

~ E i . _ . _ . . ~  ~ .... ~ 

c o e f f i c i e n t s .  ~ ~ A s i m  l e  e x p r e s s i o n  f o r  t h e  s h a p e - a n i s o t r o p y  
7 0 8  i 

e n e r g y 7 , w h i c h  c&&i+%e u s e f u l  f o r  t h e  c a l c u l a t i o n  o f  t o r q u e s  

on t h e s e  m a t e r i a l s ,  i s  g i v e n  h e r e  i n  t e rms  o f  N .  
N 

I n  c a s e B  t h e , p o l a r i s a t i o n  is  induced  by t h e  a p p l i e d  f i - e l d .  
m .  

I n  o r d e r  t o  t a k e  i n t o  a c c o u n t  a l s o  non l i n e a r  e f f e c t s  t h e  - 
c a s e  i s  c o n s i d e r c d  where t h e  p o l a r i s a t i o n  i s  an a r b i t r a  - 

r y  v e c t o r i a l  Eunc t ion  X o f  t h e  i n t e r n a 1  : macroscop ic  f i e l d .  I t  
N 

i s  t h e n  found t h a t  For a n i s o t r o p i c  e l l i p s o i d s  b o t h  t l i e  polarisation 

and t h e  i n t e r n a l  f i e l d  a r e  l i omo~cneous ,  b e i n g  exp l i . c i . t l y  g iven ,  

t o g e t h e r  w i t h  t h e  e x t e r n a 1  f i e l d  , a s  func t ions  o f  n ,  X and  t h e  
N N 

a p p l i e d  E i e l d .  T h i s  g e n e r a l i z e s  p r c v i o u s  r e s u l t s  e x p l i c i t l y  

g i v e n  f o r  t h e  i n t e r n a l  v e c t o r s  i n  t h e  i s o t r o p i c  and  l i n e a r  c a s e ,  
8 h u t ' o n l y  s u g g c s t e d  Tor t h e  a n i s o t r o p i c  n o n - l i n e a r  c a s e  . I n  t h e  

l i n e a r  c a s e  a  r e l a t i o n s h i p  i s e s t a b l i s h c d  be tween  t l i e  b o d y ' s  

d i p o l a r  moment and t h e  a p p l i e d  r i c l d  t h r o u g h  t h e  d e f i n i t i o n .  - i n  
9 a  way c o m p l e t e l y  ana logous  t o  t h c  m o l e c u l a r  c a s e  - o f  a  p o l a r  

wh;ch 'a S 
- 

i s a b i l i t y  t e n s o r  a  f u n c t i o n m ~  and  t l ie  s u s c e p t i b i l i t y .  
h N 

The p o l a r i s a b i l i t y  t e n s o r s  p r e v i o u s l y  d e f i n e d  Cor c o n d u c t i n g  

and  s u p e r c o n d u c t i n g  e l l i p s o i d s ' O  a r e  found  t o  be o n l y  p a r t i c u l a r  

c a s e s  o[ o u r  more g e n e r a l  one  ( s e c  s c c t i o n  4 ) .  

S t r i c t l y  s p c a k i n g  p o l a r i s n t i o n s  a r e  e i t h c r  z e r o  o r  meaningless 

f o r  t l i e  s u b s t a n c e s  b e l o n g i n g  t o  g roup  C .  N e v e r t h c l e s s , i n  t h i s  

c a s e  i t  i s  p o s s j b l e  t o  d e f i n e  F i c t i t i o u s  p o l a r i s a t i o n s  i n  t e rms  

o f  which t h e  problem is  r e n d e r e d  m a t h e m a t i c a l l y  e q u i v a l e n t  t o  

c a s e  B .  I t  w i l l  b e  p roved  h c r e  t h a t  t h e s e  f i c t i v e  p o l a r i s a t i o n s  

g i v e  t h e  r i g h t  v a l u c  of  t h e  b o d y ' s  d i p o l e  moment. I t  i s  a l s o  

found  t h a t  t l ie  p o l a r i s a b i l i t y  t e n s o r  f o r  c o n d u c t i n g  h o d i e s  i s  ob. 

t a i n e d  f r o m t h e  p o l a r i s a b i l i t y  t c n s o r  f o r  d i e l e c t r i c  b o d i e s  i n  t h e  

l i m i t  o< i n f i n i t c  i s o t r o p i c  c l e c t r i c  s u s c e p t i b i l i t y  and  t l i a t  
*.y be c ? ~ t a ~ ~ i s ~ i < ~  

i n  t h e  c a s e  o f  s u p e r c o n d u c t o r s  t h c  c o r r e s p o n d e n c e  , w i t h  p e r f e c t  

d i a m a g n c t s .  These r c s u l t s  may be t a k c n  a s  a  j u s t i f i c a t i o n ,  a t  

l e a s t  from t l ie  s t a t i c  p o i n t  o[ v i cw ,  o£ t h e  f r e q u e n t l y  drnwn 

a n a l o g y  between t h o s e  two s e t s  oT s u b s t a n c e s .  



I n  a l 1  t h r e e  c a s e s  f o r m u l a s  a r e  g i v e n  l o r  t l i c  b o d y ' s  
w i t h  

e n e r g y  and f o r  t h e  f o r c e  and t o r q u e  e x p e r i e n c e d  t h e  a p p l i e d  

f i e l d .  Instead of t l ie  cumbersome method o €  s e p a r a t i o n  o f  v a r i a b l e s  

i n  e l l i p s o i d a l  c o o r d i n a t e s ,  t h c  f o l l o w i n g  much s i m p l e r  n1j:orithm 

i s  used  f o r  s o l v i n g  c a s e s  B and C .  F i r s t  an i n t e g r a l  

e q u a t i o n  i s  w r i t t e n  f o r  t h e  f i c l d ,  e q u a t i o n  which 

c o n t a i n s  a l 1  boundary  c o n d i t i o n s .  Then a  s o l u t i o n  drawn i n  

a n a l o g y  t o  c a s e  A i s  shown t o  s a t i s f y  t h e  i n t e g r a l  

e q u a t i o n .  

I n  s e c t i o n  S t l i e  c a s e  oC pe rmanen t ly  p o l a r i s e d  m a t e r i a l s  

i s  d i s c u s s e d ,  s e r v i n g  a s  an i n t r o d u c t i o n  t o  t h e  d e p o l a r i s a t i o n  

t e n s o r  and  a s  a  g u i d e  l o  t h e m r n o r e  c o m p l i c a t e d  c a s e s .  

Some g e n e r a l  p r o p e r t i e s  o f  t h i s  t e n s o r ,  a s  w e l l  a s  e x p l i c i t  

e x p r e s s i o n s  f o r  i t s  componcnts  a r e  g i v e n  i n  s e c t i o n  3 .  I n  

t h e  two f o l l o w i n g  s e c t i o n s  c a s e s  B and  C a r e  d i s c u s s e d .  The 

problem o f  e l l i p s o i d a l  c a v i t i e s  i n  unbounded media  i s  d i s c u s s e d  

i n  s c c t i o n  6 ,  where t h e  a m b i g u i t i e s  o €  t h i s  o f t e n  q u o t e d  problem 

a r e  s t a t e d .  

Come o f  t h e  main a d v a n t a g e s  o f  t l i e  f o r m u l a t i o n  a r e  t l i e  

s i m p l i c i t y  o f  t h e  f i n a l  ! e x p r e s s i o n s  and t h e  indepenclence o f  

any  p a r t i c u l a r  c h o i c e  o f  c o o r d i n a t e  a x e s .  T h i s  f l e x i b i l i t y  i s  

e s s e n t i a l  f o r  t h e  c a s e  o f  a n i s o t r o p i c  m a t e r i a l s  whose p r i n c i p a l  

a x e s  o f  s u s c e p t i b i l i t y  do n o t  c o i n c i d e  w i t h  t h e  e l l i p s o i d ' s  

p r i n c i p a l  a x e s .  I t  s h o u l d  a l s o  be n o t i c e d  t h a t  i n  t h e  a n i s o t r o p i c  

c a s e  i t  i s  n o t  p o s s i b l e  t o  a p p l y  t h e  s t a n d a r d  method o f  
1 1  s e p a r a t i o n  o f  v a r i a b l e s  . 

I n  a l 1  c a s e s  V d e n o t e s  t h e  e l l i p s o i d ' s  volume. The 

i n t e g r a l s  whose l i m i t s  a r e  n o t  s p e c i f i e d  a r e  t a k e n  o v e r  a l 1  

s p a c e ,  and  u s u a l l y  i n  p r i n c i p a l  v a l u e  a round  t h e  b o d y ' s  s u r f a c e  

i n  o r d e r  t o  e x c l u d e  p o s s i b l e  f i e l d ' s  d i s c o n t i n u i t i e s .  I n  o r d e r  

t o  r e n d e r  t h e  f o r m u l a s  v a l i d  i n  a l 1  sys t ems  o f  u n i t s ,  t h e  

p r e v i o u s l y  d e f i n e d l Z  g e n e r a l  c o n s t a n t s  k , ,  k 2 ,  k g ,  A ,  A', c o  

and. u., a r e  u s e d .  



I n  t h i s  c a s e ,  which c o r r c s p o n d s  t o  f e r r o c l e c t r i c  and  

f e r r o m a g n e t i c  m a t e r i a l s ,  t h e  p o l a r i s a t i o n  depends  on t h e  

b o d y ' s  h i s t o r y  

f u n c t i o n  o f  c n c e  6 1  

domains .  For  t h e s e  r e a s o n s  t h e  p o l a r i s a t i o n  i s  n o t  known 

a  p r i o r i  and  it i s  r e q u i r e d  i t s  t h e o r e t i c a l  o r  e x p e r i m e n t a l  

d e t e r m i n a t i o n :  

The g e n e r a l  t h e o r e t i c a l  p roblem i s  a  f o r m i d a b l e  one  

which h a s  n o t  y e t  been  c o m p l c t e l y  s o l v e d ,  t h e  r e a s o n  

f o r  t h i s  f a i l u r e  b e i n g  t h a t  t l i e  phenomcnon o f  h y s t e r e s i s  

c o n s i s t s  o f  a  l a r g e  number o f  d i s c o n t i n u o u s  t r a n s i t i o n s  

among m e t a s t a b l e  s t a t c s ,  t r a n s i t i o n s  which a r e  d e t c r m i n e d  

by complex b a l a n c e s  o i  ene rgy13 .  

From t h e  e x p e r i m e n t a l  p o i n t  o f  vicw i t  i s  o n l y  p r a c t i c a 1  

t o  a n a l i z e  t h c  u n i f o r m l y  p o l a r i s e d  c a s e .  Some a u t h o r s  

a p p a r e n t l y  b e l i e v e  t h a t  t h i s  s i t u a t i o n  may b e  o b t a i n e d  

f o r  any body p l a c e d  i n  a  s u f f i c i e n t i y  s t r o n g  a p p l i e d  

f i c l d ,  c o r r e s p o n d i n g  t o  t h e  s a t u r a t e d  c a s e  where a l 1  

domains have  p a r a l l e l  p o l a r i s a t i o n s .  U n f o r t u n a t e l y  

-due t o  t l ie  boundary c o n d i t i o n s  s a t i s f i e d  by the f i e l d  

on  t h c  b o d y ' s  s u r i a c e  t h i s  d o c s  n o t  al.ways Iiappcn t o  

b e  t h e  c a s e .  A n c c c s s a r y  c o n d i t i o n  f o r  o b t a i n i n g  u n i f o r m  

p o l a r i s a t i o n s  i n  s t r o n g  a p p l i e d  f i c l d s  i s  t h e  homogenci ty  

o f  t h e  mac roscop ic  f i e l d  i n s i d e  t l i c  body, a s  was 

mcnt ioned  i n  t h c  i n t r o d u c t i o n .  t h e  o n l y  c a s e  where t h i s  

i s  known t o  be p o s s i b l e  i s  f o r  e l l i p s o i d a l  b o d i e s .  

L e t  u s e o n s i d e r m a  u n i f o r m l y  m a g n e t i s e d  

f e r r o m a g n e t i c  e l l i p s o i d  i n  a  s t r o n g  honiogeneous a p p l i e d  

f i e l d  B = u  I I ? (  A S  t h e r e  a r e  no c o n d u c t i o n  c u r r e n t s  
,o ",O 



where t h e  s c a l a r  magne t i c  p u t e n t i a l  due t o  t h e  

m a g n e t i s a t i o n  M is  g i v e n  by 1 4  
N 

I n  what f o l l o w s  pr imcd and unprimed o p c r a t o r s  a c t  on 

r '  and  r r e s p e c t i v e l y .  Changing from primed t o  unprimed 
N N 

o p e r a t o r s , f o r  un i fo rm M one  may w r i t e  
N 

i s  a  f u n c t i o n  which depends o n l y  on t h e  body ' s  s h a p e .  

Upon d e f i n i t i o n  o f  t h e  d i m e n s i o n l e s s  d e p o l a r i s a t i o p  

t e n s o r  n ( r )  w i t h  components 
A/ M 

1 a 2 
n .  (r)  = -- 
~k w 

I ( r )  , 
411 axjaxk @ 

i t  i s  o b t a i n e d  

v a l i d  f o r  any  c o n s t a n t  v e c t o r  M .  T h e r e f o r e  
N 



and the magnetostatic problem is completely solved whenever 
n(r) and M are known. 
n c N 

It should be stressed that 

equation (5) 1s expected to hold only ror magnctically 

saturated ellipsoidal bodies where M is uniform d&r Lb 
/u 

homogeneous applied fields. 
For poiiits inside the ellipsoid ii is a constant tensor 

N 

(see section 3), which in what follows will be called the 

interior depolarisation tensor 2. For these interior 
points the last term in equation (S), 

M - - , dem - A ' N . M ,  
N N 

is known as the demagnetising field. 

At a fixed temperature the magnitude the equilibrium 

magnetisation is usually constant independently of the 

orientation respect to the'crystal axes 15716 and it is 

called the spontaneous magnetisation. The orientation of 

M is such as to minimize the body's Helmholtz free energy 
57917 at oonstant applied fjcld. Assuming the body to be m 

an assemblage of rigid dipoles -that is neglecting the 

induced dipolar moments- and using the Lorentz' approxima- 

tion18 ?m may be found to be 19 

where 

is the dipolar contribution to the local field. The 

second term in II' corresponds to the surface magnetisation 
IV 

of the Lorentz sphere, and the third to the field from 

the dipoles inside this sphoreZ0. For uniformly magnetised 

ellipsoids 



'Ii 1 
F /V = - M.B + 7 h '  M . N . M .  m N NO !'0NmN 

The second term ic the shape anisotropy energy7; the 

last two give the lowest ordcr contributions to the 
2 1 

magnetocrystalline anisotropy energy, the uniaxial terms . 
In the saturated isothermal case we are considering, the 
anisotropy energy is a function only of the orientation 

of M, hence the name. When considering contributions 
N --. . ~ 

.. - 60 the local ' f ield'?<of higher order .__...i ._ mÜltipol'e*) - .. one 

obtains aditional terms forthe crystalline anisotropy per 
unit volume A,,,, which are generally written from symmetry 

'Ii 

argumentsZ2. A  more general expression for Fm/V is thus 

If A,(M) and M  were known a priori one could find 
N "2 

the orientations of M  which minimize Fm/V as functions of 
N 

Bo and N. As it happens, one has first to experimentally 
N " -t determine A,,, and M, which is done through torque expeftmen s.  

For a torque to be exerted on the body two conditions 

should be fulfilled. First, M and B have to be non-parallel ,., N 

(see equation (9)); second, the energy must depend on the 

orientation of M respect to the body. Both conditions 
N 

reduce to a single one: there should be anisotropy,whether 

from shape or crystalline origin. To understand the 

reason for these two conditions let us consider a few 

examples. 
1 For a spherical (N=3  1) and polycrystalline or amorphous 

N 

body there is no a n i s o t r ~ ~ ~ ~ ~  and the free energy (8) is a 

minimum when M and zo are parallel. For any other qrienta 
N - 

tion there is a torque on each dipole, and as M is uniform 
N 



and 
one speaks  o f  a  t o r q u e  a c t i n g  on M t e n d i n g  t o  a l i g n  i t  .ve 
w i t h  t h e  a p p l i e d  f i e l d .  N e v e r t h e l e s s  t h e r e  is  no t o r q u e  on 

t h e  body because  t h e  e n e r g y  does n o t  depend on t h e  
ank 

r e l a t i v e  o r i e n t a t i o n  o f  M and t h e  b ~ d y , ~ t h e  m a g n e t i s a t i o n  
N 

may f r e e l y  r o t a t e  r e s p e c t  t o  t h e  l a t t e r  a s  l o n g  a s  t h e r e  

a r e  no d i s s i p a t i v e  e f f e c t s .  

L e t  u s  now c o n s i d e r  a n o n - s p h c r i c a l  p o l y c r y s t a l l i n e  

body w i t h  no a p p l i e d  f i e l d .  A s  d i s c u s s e d  i n  s e c t i o n  3 ,  

f o r  a  f i n i t e  d imcns ions  e l l i p s o i d  t h e  p r i n c i p a l  v a l u e s  

o f r f !  a r e  a l 1  p o s i t i v e ,  t h e  s m a l l c s t  one c o r r e s p o n d i n g  t o  

t h e  d i r e c t i o n  o f  t h e  l a r g e s t  d i a m c t e r .  T h e r c f o r e  i n  t h i s  

c a s e  t h e  minimum f r e e  ene rgy  i s  o b t a i n e d  when M is  d i r e c t e d  
N 

a l o n g  t h e  l a r g e s t  d imens ion .  T h i s  e f f c c t  e x p l a i n s  t h e  

s t a b i l i t y  o f  a  compass' n e e d l c  m a g n e t i s a t i o n .  I n  a  

s i m i l a r  way t h e  c r y s t a l l i n e  a n i s o t r o p y  t e n d s  t o  a l i g n  M 
N 

á l o n g  t h e  d i r e c t i o n s  o f  minimum energy  c a l l e d  
d i r e c t i o n s  o f  e a s y  m a g n e t i s a t i o n .  

I f  an  amorphous e l l i p s o i d  i s  p l a c e d  i n  an a p p l i e d  

f i e l d  t h e  ene rgy  w i l l  b e  an a b s o l u t e  minimum when t h e  

m a g n e t i s a t i o n  i s  p a r a l l e l  b o t h  t o  t h e  f i e l d  and t h e  

body ' s  l a r g e s t  d i a m e t e r .  T h e r e f o r e  a  t o r q u e  w i l l  a p p e a r  

such  t h a t  t e n d s  t o  r o t a t e  t h e  body towards  t h i s  

d i r e c t i o n  . I f  t h e  body is  k e p t  f i x e d  t h e  ene rgy  cqnno t  
a t t a i n  i t s  a b s o l u t e  minimum and M w i l l  t a k e  t h e  p o s i t i o n  

iV 

t h a t  minimizes  e q u a t i o n  (8)  under  t h e  imposcd c o n s t r a i n t s .  

For t h e s e  r e a s o n s ,  i n  t h e  g e n e r a l  c a s e  when a l 1  ene rgy  

termc a r e  p r e s e n t ,  one may d e t e r m i n e  b o t h  A," and M 

t h r o u g h  t o r q u e  measurementsZ4.  Once t h i s  i s  done a  

m i n i m i z a t i o n  o f  e q u a t i o n  ( 8 )  y i e l d s  M f o r  any g i v e n  a p p l i e d  
N 

f i e l d  and body o r i e n t a t i o n .  Then, a s  VM i s  t h e  
4. 

e l l i p s o i d t s  magne t i c  moment, t h e  t o r q u é  T a c t i n g  on t h e  
2 5 , 2 6  N body i s  

I n  a l m o s t  un i fo rm f i e l d s  which v a r y  l i t t l e  i n c i d e  

t h e  body,  a  f o r c e  f  is  e x p e r i e n c e d  which t o  a  f i r s t  
?' approx ima t ion  i s  g i v e n  by 2 6 



The c a s e  o f  h o m o ~ c n e o u s l y  p o l a r i s c d  l e r r o c l c c t r i c  

e l l i p s o i d s  may be a n a l y z e d  i n  a  s i m i l a r  f a s h i o n .  The e l e c -  

t r o s t a t i c  potcntiad + ( r )  p roduccd  a t  p o i n t  n; by a u n i f o r m  
1 

e l e c t r i c  p o l a r i s a t i o n  P i s  g i v c n  by 2 7 
N 

1 
N P . V .  [ ,  I d 3 : . .  + P ( r )  = - 

4776, 
N 

v r - r '  1 
N N 

Thc p o l a r i s a t i o n  b c i n g e s t a b l i s l i r d  i n  t h c  p r c s c n c c  oT a  

u n i f o r m  a p p l i e d  i i c l d  E , ,  t h c  t o t a l  c l c c t r i c  f j c l d  niay be 
<, 

w r i t t e n  

In  t l i i s  c a s e  

i s  c a l l e d  t h e  d c p o l a r i s a t i o n  l i e l d .  

Assuming r i g i d  e l e c t r i c  d i p o l c s ,  t h c  t l c lmhol tz  f r e c  

enc rgy  F a t  c o n s t a n t  a p p l i c d  1 i e l d Z 8  may b e  found  t o  be 
P 

where A seems t o  have  no s p c c i C i c  name i n  t h c  f e r r o c l e c t r  
P  

c a s c Z 9 .  The e l e c t r i c  t o r q u e  1 i c  3O,31 

and t h e  f o r c e  f e x p e r i c n c e d  i n  a n  n lmos t  un i fo rm l i e l d  E, 
3 1 ," N 

i s  



3. PROPERTIES OF THE DEPOLARISATION TENSOR 

B y  d e f i n i t i o n  t h e  d e p o l . a r i s a t i o n  t e n s o r  components 

n j k ( s ]  a r e  g i v c n  by 
IU 

where 

Equa t ion  (3 )  may a l s o  be  w r i t t c n  a s  a n  i n t e g r a l  o v c r  

t h e  b o d y ' s  s u r f a c e  S .  Tha t  i s  

- 1 a 
4 n  ax .  

32  where u s e  h a s  been  nade  o f  t h e  theorem o f  t h e  g r a d i e n t  , 
and dSk i s  t h e  s u r f a c e  e l emen t  normal t o  xk. 

Accord ing  t o  e q u a t i o n s  ( 3 )  and (2 )  i t  i s  s e e n  t h a t  t h e  

d e p o l a r i s a t i o n  t e n s o r  may be  d e r i v e d  from t h e  e l e c t r o s t a t i c  

p o t e n t i a l  I ( r )  o f  a  un i fo rm c h a r g e  d e n s i t y  p = l / k l  
A4 

d i s t r i b u t e d  ;ver  volume V ,  o r  f rom t h e  c o r r e s p o n d i n g  

p r a v i t a t i o n a l  p o t e n t i a 1 3 3 .  Such a  d e r i v a t i o n  o f f e r s  t h e  

g r e a t  a d v a n t a g e  o f  p u t t i  ?& d9& 
r d i s p o s a l  t h e  whole a r t i l l e r y  

o f  p o t e n y a l  &heory, crdW o f  which 'u@ w i l l  maAce 

i n t e n s i v e  u s e  n  t h i s  s e c t i o n .  

I t  i s  w e l l  known t h a t  b o t h  t h e  improper  i n t e g r a l  I ( r )  
N 

and i t s  i i r s t  d e r i v a t i v e s  e x i s t  and  a r e  c o n t i n u o u s  t h r o u g h o u t  



a l 1  ~ ~ a c e ~ ~ .  I t  may a l s o  be  shown t h a t  : i t s  second derivatives 

e x i s t  everywhere  e x c c p t  on t h e  b o d y ' s  s u r i a c e  S ,  and t h a t  

t h e  o r d e r  i n  which one  t a k e s  t h e s e  d e r i v a t i v e s  may b e  

f r e e l y  in t e rchanged3 ' .  I t  t h e n  i o l l o w s  t h a t  t h e  d e p o l a r i s a  - 

t i o n  t e n s o r  i s  symmet r i c ,  

The most i m p o r t a n t  consequence  o f  t h i s  p r o p e r t y  is  

t h a t  f o r  e v e r y  p o i n t  r t h c r e  i s  a s c t  o f  t h r e e  o r t h o g o n a l  
U 

a x e s  r c f e r r e d  t o  which n  becomes c l i a g o n a l i s e d .  One s h o u l d  
N 

b e a r  i n  mind t h a t  t h i s  s e t  o f  p r i n c i p a l  a x e s  i s  n o t  

n e c e s s a r i l y  t h e  same f o r  a l 1  p o i n t s .  

One o f  t h e  most u s e f u l  p r o p e r t i e s  o . í  n  c o n c e r n s  t h e  
N 

v a l u e  o f  i t s  t r a c e ,  

a c c o r d i n g  t o  t h e  f a m i l i a r  r e l a t i o n s h i p  36 

where 6 ( r - r ' )  i s  D i r a c ' s  d e l t a  d i s t r i b u t i o n .  E q u a t i o n  
IY 8" 

(19) c l c a r l y  shows t h a t  n  h a s  a  d i s c o n t i n u i t y  o f  t h e  f i r s t  
N 



kind on the surface S. It should bc rcalized that equation 
(19) is nothing but Gauss' law. 

It may be proved that the intcrior depolarisation - 
tensor N is always nonnegative; morcover it is positive 

u /-. 6 definite for bodies o£ finite dimensions . From equation 
(19), outside the body 

where n. are the principal valucs (eigenvalues) of n. 
1 N 

Therefore either al1 the eigcnvalues vanish, in which 

case n = O at that point, or the eigenvalues do not al1 
e, 

have the same sign. It thcn follows that the cxtcrior 

depolarisation tensor is an indefinite tensor 37 

The discontinuity of n across thc surface will now. 

be analyzed using theaforementioncd electrostatic 

analogy. If one writes 

where O is an arbitrary constant vcctor, it follows from 
N 

equation (11) that $f is the electrostatic 
gene~atek 3 8 

p~tential~when volume V has a uniform polarisation . 
At the same time the polarisation O is equivalent to a 

N 

surface(bensity/charge] b(r). Taking into account that 
A. 



r e p l a c i n g  i n  t h e  p r e v i o u s  fo rmula  and u s i n g  t h e  theorem 

o f  Gauss -Os t rog radsky  i t  i s  o b t a i n s d  

T h e r e f o r e  $ f  i s  a l s o  t h e  e l e c t r o s t a t i c  p o t e n t i a l  due 

t o  a  s u r f a c e  c h a r g e  d e n s i t y  

6 ( r )  = S ( r ) .  O 
N C N  N 

d i s t r i b u t e d  on t h e  boundary s u r f a c e  S ,  where s ( r )  i s  t h e  
6. ," 

u n i t  normal  v e c t o r  o f  S a t  t h e  p o i n t  r .  The a s s o c i a t e d  
N 

e l e c t r i c  f i e l d  i s  

E ( r )  = - Vdf(;) = k l  v (O. v I ( r ) )  
W f  N N 

i n  a c c o r d a n c e  w i t h  e q u a t i o n  ( 4 ) .  From e l e c t r o s t a t i c  t h e o r y  39 

i t  i s  known t h a t  Ef i s  c o n t i n u o u s  everywhere  e x c e p t  on S ", 
where i t s  normal  component h a s  t h e  d i s c o n t i n u i t y  o f  t h e  

f i rs t  k i n d  

s .  (E; - E;) = 4 a k 1 6  , 
N N N 

t h e  uppe r  + and - s i  n s  r e f e r r i n g  r e s p e c t i v e l y  t o  t h e  o u t -  
r u r L  

s i d e  and  i n c i d e  o f A S .  From e q u a t i o n s  (22)  and (23)  i t  

f o l l o w s  t h a t  



As O is an arbitrary vector and n is a symmetric tensor, 
rU N 

it is obtained 

for any point on the -boundary surface S. As the field's 

components tangential to S are continuous across the 

boundary, then 

where is any unit vector tangent to S at point r. It 
IU 

is then easily shown that 

As any vector f? defined on S may be written as the 

sum of two vectors, A normal to the surface and ilt 
iv S 

tangential to it, 

it follows that 

According to the first Maxwell equation, 

where p(r) is the electric charge density, zero everywhere 
N 

except on the surface S where it is a distribution. 
Therefore according to equation ( 2 3 )  



f o r  e v e r y  p o i n t  r n o t  on t h e  boundary s u r f a c e  S.  
N 

Only f a r  a p a r t  from t h e  body i t  i s  p o s s i b l e  t o  w r i t e  

a g e n e r a l  e x p r e s s i o n  f o r  2 .  T h i s  comes a b o u t  because  a t  

l a r g e  d i s t a n c e s  t h e  f i c t i t i o u s  i i e l d  Nf  e q u a t i o n  (23)  may 
a 

be approximated  by t h e  f i e l d  o f  p o i n t  d i p o J e  w i t h  e l e c t r i c  

d i p o l e  moment 
A 

p  = vo. 
4. N 

Accord ing  t o  e q u a t i o n  ( 1 2 )  and i n  t h i s  app rox ima t ion  i t  

f o l l o w s  t h a t  

where t h e  o r i g i n  o f  c o o r d i n a t e s  s h o u l d  b e  t a k e n  t o  b e  
-C;Mds tk3* 

i n s i d c  t h e  body. One t h e n  ,, f a r  away from t h e  body 

where r, i s  t h e  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of  r ,  1 t h e  - 4 0 *r N 

u n i t  d y a d i c ,  and ror ,  a  d y a d i c  o p e r a t o r  . 
e -  - 

When t h e  i n t e r i o r  d e p o l a r i s a t i o n  t e n s o r  n i s  known, 
N 

n+ may b e  e x p l i c i t l y  w r i t t e n  i rom e q u a t i o n s  ( 2 5 )  and ( 2 6 ) ,  ,- 
r e a d i n g  

n' ( r )  = n -  ( r )  - S(*) s ( r )  . " N IV N N W N N  

E q u a t i o n  (31)  .- a l s o  p r o v i d e s  a  useZul  a p p r o x i m a t i o n  f o r  n e a r  

e x t e r n a 1  p o i n t s .  

L a t e r  on use  w i l l  be nade  o f  t h e  e x p r e s s i o n  
11 



B = V * = V  
/U [ v . 1' r-r' 1 d3ri] .- ' 

where O is an arbitrary constant vector, and the integration 
N 

is over al1 space excluding the surface S. In order to 
evaluate B we first set 

N 

Taking into account that 

v .  ["L] = v [  . G(rl) = - v v  .c(r1), 
Ir-r' 1 r-r' 1 
Iv ,.J * N  

and that according to equation (29) 

1 
= v '  1, ] . G(rt), 

r-r' 1 N 

u N 

for every point r' not on S, it follows that 
N 

Upon application of the theorem of Gauss-Ostrogradsky 

separately in the two regions det6nninedbyS,and after 

addition, it is obtained 



From e q u a t i o n  ( 3 0 )  i t  i s  s e e n  t h a t  t h e  i n t e g r a l  o v e r  t h e  

s u r f a c e  a t  i n f i n i t y  S, v a n i s h e s .  I t  i s  t h e n  found  from 

e q u a t i o n  ( 2 5 )  t h a t  

T h e r e f o r e  

where i n  t h e  l a s t  t e r m  u s e  h a s  been  made o f  a  g e n e r a l  

p r o p e r t y  o f  t h e  n a b l a  o p e r a t o r 4 ' .  Each t e r m  i n  e q u a t i o n  



(32)  w i l l  now b c  a n a l y z e d  s e p a r a t e l y .  From t h e  theorem o f  

t h e  r o t a t i o r ~ a l ~ ~  a n d  vxVg = O f o r  a l 1  g ,  i t  f o l l o w s  t h a t  

Equa t ion  ( 3 2 )  may t h c n  b e  w r i t t c n  

d 3 r 1  , 
v f" v r - r '  1 

IV N 

3 2 where u s e  h a s  b e e n  made o f  t h e  theorem o f  t h e  g r a d i e n t  . 
From e q u a t i o n  ( 4 )  it i s  f i n a l l y  o b t a i n e d  

r - r '  1 
'N N 



The p r e v i o u s l y  d i s c u s s e d  

g e n e r a l  o n e s ,  v a l i d  f o r  - - - 
o f  t h e  s e c t i o n  t h e  c a s e  i s  c o n s i d e r e d  where V i s  t h e  volume 

i n c i d e  t h e  e l l i p s o i d a l  s u r f a c e  

t h e  a.'s b e i n g  t h e  e l l i p s o i d t s  s e m i - a x e s .  S o l v i n g  t h e  e l e c -  
1 

t r o s t a t i c  p o t e n t i a l  1 ( r )  o f  a  u n i f o r m  c h a r g e  d e n s i t y  
N 

P =  l / k l  d i s t r i b u t e d  o v e r  V i t  i s  found  4 2 , 4 3  

t h e  x . ' s  b e i n g  t h e  c o o r d i n a t e s  o f  t h e  o b s e r v a t i o n  p o i n t  
J 

r .  For i n t e r i o r  p o i n t s  i t  i s  
N 

and  f o r  e x t e r i o r  p o i n t s  ~ ( r )  i s  t h e  l a r g e s t  a l g e b r a i c  
n) 

r o o t  o f  t h e  t h i r d - d e g r e e  e q u a t i o n  

I t  t h e n  f o l l o w s  i rom c q u a t i o n s  (3 )  and (34)  t h a t  



where 6 .  i c  t h e  K r o n e c k e r ' s  d e l t a .  N o t i c e  t h a t  f o r  
1 k 

i n t e r i o r  p o i n t s  

w h i l s t  f o r  e x t e r i o r  p o i n t s  i t  i s  o b t a i n e d  f r o m  e q u a t i o n  ( 3 4 )  

Upon d e f i n i t i o n  o f  

one  way w r i t e  



From e q u a t i o n  (35) i t  i s  e a s i l y  s e e n  t h a t  t h e  i n t e r i o r  

d e p o l a r i s a t i o n  t c n s o r  N i s  c o n s t a n t ,  and when r e f e r r e d  t o  
N 

t h e  e l l i p s o i d ' s  sys t em o f  p r i n c i p a l  a x e s  i t  i s  a l s o  d i agona l  

These p r o p e r t i e s  do n o t  h o l d  f o r  t h e  e x t e r i o r  t c n s o r ,  a s  may 

b e  s e e n  from i n s t a n c e  from t h e  d i p o l a r  c h a r a c t e r  o f  t h e  

f i e l d s  f a r  away from t h e  body. I t  a l s o  f o l l o w s  t h a t  N d o e s  

n o t  depend on  t h e  e l l i p s o i d ' s  volumc, b e i n g  a  f u n c t i o n  

o n l y  o f  t h e  r e l a t i v e  v a l u e s  o f  any two semi -axes  r e s p e c t  

t o  t h e  t h i r d .  T h e r e f o r e  two e l l i p s o i d s  w i t h  s e m i - a x e s  

a l ,  a 2 ,  a 3  and c a l ,  c a z ,  c a  where c  i s  any  r e a l  p o s i t i v e  3 '  
number, have  e x a c t l y  t h e  same N ( b u t ,  because  o f  K,  t h e y  

Iv 

do n o t  have t h e  same e x t e r i o r  U e p o l a r i s a t i o n  t c n s o r ) .  Some 

i m p o r t a n t  conscquences  o f  t h i s  l a s t  p r o p e r t y  v j l l  be 

d i s c u s s e d  i n  s c c t i o n  6.  

When t h e  l e n g t h s  o f  a l 1  s emi -axes  a r e  d i f f e r e n t  t h e  

i n t e g r a l s  i n  e q u a t i o n s  (35)  a r e  e l l i p t i c  i n t e g r a l s  which 

f o r  t h e  p u r p o s e s  o f  n u m e r i c a l  c a l c u l a t i o n s  a r e  c o n v e n i e n t l y  

e x p r e s s e d  i n  t e rms  of  t h e  normal i n c o m p l e t e  e l l i p t i c  

i n t e g r a l s  o f  t h e  f i r s t  and second k i n d 4 4 .  The c o r r e s p o n d i n g  

e x p r e s s i o n s  f o r  N have  been  g i v e n  i n  t h e  l i t e r a t u r e  45 ,46  
N 

f o r  t h i s  g e n e r a l  c a s e  a s  w e l l  a s  f o r  s p h e r o i d s  and o t h e r  

l i m i t i n g  c a s e s  where t h e  i n t e g r a l s  a r e  e x p r e s s i b l e  i n  

t e rms  o f  e l e m e n t a r y  f u n c t i o n s .  E x p r e s s i o n s  f o r  t h e  e x t e r i o r  

d e p o l a r i s a t i o n  t e n s o r  may be d e r i v e d  from ~ ( r ) ~ ~  i n  a  
N 

s i m i l a r  f a s h i o n  and w i l l  n o t  b e  g i v e n  h e r e .  The c a s e  o f  t h e  

s p h e r e ,  t h i n  d i s c  and i n f i n i t e l y - l o n g  c i r c u l a r  c y l i n d e r  a r e  

most e a s i l y  s o l v e d  t h r o u g h  r e c o u r s e  t o  Gauss '  theorem and 

p r o v i d e  v e r y  i l l u m i n a t i n g  examples  o f  t h e  fo rma l i sm.  

Tlie p r i n c i p a l  values o f  N - t h e  d e m a g n e t i s a t i o n  c o e f f i c i e n t s  ,., 
N . -  s h o u l d  n o t  b e  m i s t a k e n  w i t h  t h e  b a l l i s t i c  o r  magnetomet r ic  

1 
d e m a g n e t i s a t i o n  f a c t o r s  which a r e  d e f i n e d  f o r  n o n - e l l i p s o i d a l  



b o d i e s  47,48 a s  s u i t a b l e  a v e r a g e s  o f  t h e  t h e r e  p o s i t i o n -  

dependent  t e n s o r  x. 
From t h e  t a b u l a t e d  v a l u e s  i t  i s  s e e n  t h a t  when t h e  

p r i n c i p a l  a x e s  a r e  s u c c e s i v e l y  numbered i n  o r d e r  o f  

i n c r e a s i n p  a . ' s ,  t h e  o r d e r e d  N'.'s form a  d e c r e a s i n g  sequen 
1 J - 

c e .  The s m a l l e s t  N .  t e n d s  t o  z e r o  whcn t h e  r e l a t i v e  l e n g t h  
1 

o f  t h e  l a r g e s t  s e m i - a x i s  t e n d s  t o  i n f i n i t y  and t h e  l a r g e s t  

N .  t e n d s  t o  u n i t y  when t l i e  r e l a t i v e  l e n g t h  o f  t l ie  s m a l l e s t  
1 

s e m i - a x i s  t e n d s  t o  z e r o .  

A s  N i s  a  c o n s t a n t  t e n s o r  ( f o r  e l l i p so ic l s )  i t  remains  
N 

i n v a r i a n t  under  a  change  o f  c o o r d i n a t e s  which i s  a  symmetry 

o p e r a t i o n  f o r  t h e  body. T h e r e f o r e  N obeys t h e  known 
N 

symmetry p r o p e r t i e s  o f  r ank- two  t e n s o r s  4 9 p 6 .  ~ h u s ,  i f  any 

two a x e s  a r e  e q u i v a l e n t  t h e  c o r r e s p o n d i n g  N . ' s  a r e  e q u a l .  
J 

T h i s ,  t o g e t h e r  w i t h  t l ie t r a c e  r u l e  e q u a t i o n  (19)  g i v e s  f o r  

t h e  s p h c r e  

For  an  i n f i n i t e l y - l o n g  c i r c u l a r  c y l i n d e r  w i t h  a3=  m 

( o r  a l t e r n a t i v e l y  a l = a 2 = 0  , a 3 #  O) i t  i c  N3= '0 and t h e r e f o r e  

I n  a  s i m i l a r  f a s h i o n  i t  i s  found t h a t  f o r  t h e  t h i n  

d i s c  a , = a 2 , a 3 = 0  ( o r  a l t e r n a t i v e l y  a 1 = a 2 =  -, a3f  O )  



4 .  INDUCED POLARISATION 

T h i s  i s  t h e  c a s e  o f  d i e l e c t r i c ,  d i a m a g n e t i c  and 

p a r a m a g n e t i c  m a t e r i a l s ,  where t h e  p o l a r i s a t i o n  a t  any  p o i n t  

i s  a  s i n g l e - v a l u e d  f u n c t i o n  o f  t h e  mac roscop ic  f i e l d  a t  t h a t  

same p o i n t .  

For t h e  d i e l e c t r i c  c a s e  i t  may b e  w r i t t e n  2 7 

where Zo i s  t h e  u n i f o r m  a p p l i e d  f i e l d  and  P i s  t h e  induced  
IV 

e l e c t r i c  p o l a r i s a t i o n  which c a n n o t  b e  assumed a  p r i o r i  t o  

be un i fo rm.  A c t u a l l y  i n  t h i s  c a s e  P i s  homogeneous, b u t  
N 

we w i l l  h ave  t o  p r o v e  i t .  

For  maximum g e n e r a l i t y  P w i l l  b e  t a k e n  t o  b e  a  v e c t o r i a l  
N 

f u n c t i o n  o f  E ,  
N 

and a s  o n l y  homogeneous b o d i e s  a r e  c o n s i d e r c d  t h e  dependence  

o £  P  on  r comes o n l y  t h r o u g h  t h a t  o f  B .  For s u f f i c i e n t l y  
N N IV 

s m a l l  f i e l d s  t h e  l i n e a r  r e l a t i o n s h i p  



h o l d s ,  where x i s  t h e  c o n s t a n t S D  e l e c t r i c  s u s c e p t i b i l i t y  

t e n s o r .  Through a  s i m p l e  m a t h e m a t i c a l  m a n i p u l a t i o n  o f  

e q u a t i o n  (36) and from e q u a t i o n  (37 ) ,  i t  is  found 

T h i s  i s  t h e  s o u g h t  a f t e r  i n t e g r a l  : e q u a t  i o n  saCisSied by 
E ,  e q u a t i o n  which a l r e a d y  c o n t a i n s  a l 1  boundary c o n d i -  
m 

t i o n s .  I t  i s  t h e  i n t e g r a t i o n  o v e r  r '  which g i v e s  t h e  problem 
N 

i t s  n o n - l o c a l  c h a r a c t e r .  Bqua t ion  (39)  may be  looked  upon 

a s  a  s e t  o f  t h r e e  c o u p l e d  nonhomogeneous Fredholm e q u a t i o n s  

o f  t h e  second k i n d S 1 ,  which may be s o l v e d  by s u c c e s i v e  

a p p r o x i m a t i o n s s 2 .  A s  t h e  s o l u t i o n  o f  e q u a t i o n  (39)  must be 

un ique  i t  i s  much more s i m p l e r  t o  t a k e  a n  Ans i i t z  i n  a n a l o g y  

t o  e q u a t i o n  ( 1 2 ) .  f i h e r e f o r u t r y  

where Q i s  f o r  t h e  t i m e  b e i n g  a  c o n s t a n t  vec tor ,  d e v o i d  of  
N 

any p h y s i c a l  meaning . which s h o u l d  be chosen  i n  s u c h  
1 

a  way t h a t  e q u a t i o n  (39)  i s  s a t i s f i e d .  From e q u a t i o n s  (39)  

and (40)  i t  i s  found  



where i n  t h e  l a s t  s t e p  u s e  h a s  becn nade  o f  e q u a t i o n  ( 4 ) .  

N o t i c e  t h a t  t h e  r e s u l t  i s  o n l y  v a l i d  i r  2 i s  n o t  a  f u n c t i o n  

o f  p o s i t i o n  a s  i t  happens  Eor e l l i p s o i d s ;  o t h e r w i s e  X may 
*re 

n o t  be t a k e n  o u t s i d e  t h e  i n t e g r a l .  From e q u a t i o n s  (40) and 

(41)  i t  f o l l o w s  t h a t  

which when s o l v e d  g i v e s  t h e  c o n s t a n t  v e c t o r  Q t o  be  used 
N 

i n  t h e  s o l u t i o n  e q u a t i o n  ( 4 0 ) .  I t  is  t h u s  s e e n  t h a t  t h e  

f i e l d  i n c i d e  a  d i e l e c t r i c  e l l i p s o i d  p l a c e d  i n  a un i fo rm 

a p p l i e d  f i e l d  i s  u n i f o r m ,  and t h a t  t h e  dependence  on r of  
N 

t h e  f i e l d  o u t s i d e  t h e  e l l i p s o i d  comes o n l y  from n ( r ) .  
w N 

Coriiparing e q u a t i o n s  (42)  and (37), and t a k i n g  i n t o  a c c o u n t  

e q u a t i o n  (40), i t  i s  s e e n  t h a t  Q i s  n o t h i n g  b u t  t h e  e l l i p s o i d ' s  
N 

un i fo rm e l e c t r i c  p o l a r i s a t i o n  P .  Summing up 
N 

where 





Express ions  (48) and (49)  have been p rev ious ly  d i scussed  

by S t r a t t o n  f o r  t h e  i s o t r o p i c  cases5,  where t h e  s t a b l e  

equ i l i b r ium f o r  a  f r e e l y  r o t a t i n g  body i s  achieved when 

t h e  e l l i p s o i d ' s  l a r g e s t  semi-ax is  i$ p a r a l l e l  t o  t h e  app l i ed  

f i e l d .  For t h e  a n i s o t r o p i c  c a s e  t h e  corresponding d i r e c t i o n  

i s  t h a t  of  t h e  maximum p r i n c i p a l  va lue  o f  a where T is  & e '  N 

zero and F a  minimum. The r eade r  should compare t h e  
P  

complexity of t h e  equa t ions  ob ta ined  by S t r a t t o n  i n  t h e  

body's  system of p r i n c i p a l  axes w i t h  t h e  c o o r d i n a t e s -  

independent equa t ions  given he re .  

For t h e  diamagnetic and paramagnetic c a s e  it may be 

w r i t t e n  l 4 , %  

A '  . 
H(r)  - Ho + - 
w N N m N r-r '  1 N 

v 1 M v [ ' ] d3r1  , ( 5 1 )  
4 S v # 

In  t h e  same f a s h i o n  a s  i n  t h e  d i e l e c t r i c  c a s e  M i s  
/V 

found t o  obey t h e  i n t e g r o - d i f f e r e n t i a l  equa t ion  





m. i s  t ' q k  b o d y l s  m . a g n e ~ ~ , ~ c . . d i p t i l e  moment. &nci , $ .th:e .. 
/ u ,  . . 

t.: , . . . m .  . , C .  

symmetric bady's  :mtignet-ic p o l a r i s a b i l i t y .  t e n s o r ,  
, 

; .. . , . . 
. ;  . :  , . 

. . : 

. ,  ~ : 
-1' . , 

. . 
'1; : , . 

$m = V ( l  + A '  x ..-N) . . 2 = V ( X  
N .  .,mi N . , !  ,,,m. i ,m. + A * N I - ' ,  . H. . , , . (591.. 

. . . .  , 
,, 

. . , .  . i , . 

p r e v i o k i y  def  ined  f o r  ' supe&onduct ing &ipso: ids  '.'j . The . ?o-:,  
c a l l e d  Shape e f f i c i s  .come a&ut b e t a u s e  a # V X  . 

r Y r n  .,m One may . ' .  

d i s r e g a r d  t h e s e  s f f e c t s  in. .%ha d iamagne t i c  ca9F whess 
, :  ~ , 

a ' z m  % IO-', b&not &ways =n t h e  p r a m a g n e t i c  c a s e  - a s .  . . 

e r r o n e o u s l y  s t h d  by borne ' abtho ' rs-  . , where t h e  :eon&ibut  ion. 

may,be s i g n i f i c a t i v e .  The r e a e v a n t  e x p r e s s i o n  f o r  t h - .  . :  . . . ' 
?r ' 5 '7 rnagnet i sa t ion  enargy F i s  m .  . . . . 

. . . . 

. . .  
4, ' 

For t h e  l i n e a r  c a s e  Fm t h e  t o r q u e  and Clie 

f o r c e  e q u a t i o n s  (9) aid ( 1 0 )  ,,,ay be  wri t ter i57,~5,26 : .  : . :  

. , , . , . 
. . 

. . .  

A t  c o n c t a n t  : temp&iafure  1 g t a b l e  e q u i 1 i b r : i u m i s '  a th l e l i ed  ' ; 

when pm is  a miainum,: , that  . . j i  t wheri t h e  body ii oriinted8, . , 

wi th  t h e  maximum & - i & i p a l  . . . .., =&ilue i . .  bf' p a r a l l e í  to.lqo. ' . .  
$m . w 

According t o  equatiori (59), i n  t h e  i s o t r o p l c  ind  l i h e a r  , . 

c a s e  t h i s  c o r r e ~ ~ o n d s  !.. t o  t h e  d i i e c t i o n  o f  %he . lirge.5~ . -. : . .  . . i  
5 8 , 5 9  s e m i - a x i s  bo th  fo$ &e diamigf ie t ic  and: p a r á m i g n e t i k ,  c a s e  



)n the other-h&d, s p h e r i c a l  bodies  o f  a n i s o t r o p i c  m a t e r i a l  w i l :  

tend t o  r o t a t e  i n  such a  way t h a t  they a l i g n  with t he  

f i e l d  . their l&rgekt p r i n c i p a l  value  of s u s c e p t i b i l i t y  i n  
. . 

t.he paramaghe'tic ca se ,  and t h e  sma l l e s t  i n  t he  diamagnetic 

case ;  

Torque measurements a r e  a  s tandard  method f o r  t h s  

determinat ion o f  p a f a i a g n e t i c  an iso t ropy60 .  ~ ~ u a t i o n  (63) 

i s  t h e  foundation o$ t h e  s tañdard  Faraday's  method f o r  t h e  
6 1 

determinat ion of s u ' s c e p t i b i l i t i e s  . 

5 .  CONDUCTORS AND SUPERCONDUCTORS 

In accordance with t h e  i deas  t o  be d i scussed  below 

t h i s  i s  t h e  ca se  o f  what may be c a l l e d  p e r f e c t l y  

p o l a r i s a b  e  m a t e r i a l s .  
is.tr$ic . . 

F ~ r ~ d ~ e l e c t r i c s  i n  cons tan t  app l ied  - f i e l d s  equat ions  

(48) and (46) show t h a t  t h e  minimum energy (equi l ibr ium) 

s t a t e  i s  obta ined when P, and theref6re."xe,  i s  a maxinlrJM. 
fi"binr 

Microscopically,,n m c r e a s e  i n  P cor responds  t o  an 

inc rease  o f  t h e  s epa ra t ion  between the  b a r i c e n t e r s  of  t h e  

nuc l ea r  and e l e c t r o n i c  ,ch&ges. I f  one imagines a  gradual  

decreas& o f .  t h e  i -es tor ing f o r c e s  bh ich  conf ine  t h e  

e l e c t r o n s  around t h e i r  n u c l e i ,  even tua l ly  t h e  e l e c t r o n s  

w i l l  .be a b l e  t o  experiment macroscopic displacements.  

Therefore  a -  conductor Lay be imagined a s  t h e  l imi t i i i g  

case  of a  l i n e a r  and i s o t r o p i c d i e l e c t r i c  with xe= m .  

For s u p e r c o n d u c t o r s t h e  analogy should be  drawn n o t  

wi th  paramagnets where t he  po la* isa t ion  e f f e c t s  a r e  due 

t o  t h e  p r e f e r e n t i a 1 : o r i e n t a t i o n  . . o f  permanent magnetic 

d ipo le s  but  wi th  d iamagnet ic .mater ia l s  where they 

o r i g i n a t e  from molecular  c u r r e n t s  induced by t h e  ex te rna1  

f i e l d .  Equations (61 )  and (59)  and the  nega t ive  s i g n  of 

t h e  diamagnetic s u s c e p t i b i l i t y  xm show t h a t  i n  t h i s  case  

t h e  equi l ib r ium s t a t e  i s  ob ta ined  when x,,, is  a minimum; 



t h e r e f o r e  

I h e s e  c o n s i d e r a t i p n s  I k a d  t o  & s i m i l a t e  - a t  latiasir. Crbm 
. . , .  . .  

t h e  k t k t i c  p o i n t  & viewG3-  superconducto& w i t h  D & f e c t  
. .  . . . 

diamagnets  whcre .xm = - 1/.?;', 

The u s u a l  d e f i n i t i o n  o f  h .  p o l a r i s a t i o i i  i n v o l v e s  a  
. . 

s p a t i a l  a<e?-acge 0 5  t h e  dipo:lzir moment p e r  u n i t  v o ~ u & ,  ' : 

where t h e  a v e r a g i n g ' s h b u i d  b e d o n c  oue r  voíumes  s u f f i c i e n t l y  . 
. 

l a r g e  as t o  c o n t a i n  many at.$ns b u t  small enough f&m ' 
t l ie 1nac r6scop . i~  p a i n t  @f Tl ierefore  strictly:. . . . 

speak ing  one may n o t  d c r j n o  p o l a r i s a t i o n s  i n  t h e  
. . :  

c o n i " t t i n g  .an$ s :uperconduct i~ng caso .  ~ e v e r t h @ l e . s s i  Eza;m i 

whati f o l l o w s  it  . w i l l  . be see? t h a t  when t h c  f i n a l  e x p r e ~ s ~ i o n s .  
' . .  

. . 
, , . . 

a r e  o b t a i n e d ,  f r &  a p & r e l y  mathemat ica i  s t a n d p o i t i t  
. . 

e v e f y t h i n g  h a p p + $  as i f  cer;ta$n , . a , u x í l i a r y  . . v e c t o r s  i h e r e i  

appe@ring  were a c t u a l  p o l a r f s a t i o n s .  bforeover t h e s e ~  
. , 

f i c t j t i o " ~  p l a i i s a t i ~ . i s , '  a4 i d l .  a i  t h e  r i s t  of t& j ... 1. 
equ&ior)s, would be  o b t a i n e d  i f  one .~vould c o n s i d e r  9 . : 

: ,  

conduc to r  a s  a a k e l e c t r i c  w$th i,= -, and a s a p e r 6 o n d u c i o r  i . ~ 

a s  diamagnet  .: w i t h  x = , $  :1 ' /a7 .  ThiG provijd@s thh . m . '  . . .  

ka then ia t i ca l  j u i t i f  i c a t i o n  d f  t h e  above  d r a w n '  analogy . 
. . 

Q i S " m d h y  , b n e ' s h 6 u l d n o t  i s je  t h i s  a i i i l 0 ~ ~ ' ~ 8  a  st:ilrting 
6 5 . . 

p o i q t  but  s h o u i d -  i n c  t e a d  prov?' . . i t .  . . . . . 

: ~ n d e r  t h e  i n f l u e ñ c e  o f  : 4 u n i f o r m  i j q i i i e d ' f  i d l d  E., a  
p .  : 

s u r f a c e  cha rge  d e n s i t y  d(rg i s  induce- on a conducitingi 
M., . .  ' 

, . 
e l l i p s o i d ,  i t s  & n t r i b u t i o Q ; t o  t h e  e l e r t ~ o s t a t i c  po*nt ia l  : 



b e i n g  

A s  dhc cace a f e q u a t i o n  (24), one may w r i t e  

1  
6 ( r )  = -- s ( r ) . ( ~ + ( ~ )  - E - ( r ) ) ,  

W N N  N N rV N 
4nkl 

where a l 1  symbols  have  t h c  same meaning a s  i n  s e c t i o n  3 .  

T h e r e f o r e , t h e  mac roscop ic  f i e l d  E s a t i s f i e s  t h e  i n t e g r a l  
N 

e q u a t  i o n  

A s  f o r  t h e  d i e l e c t r i c  c a s e  t h e  P n s a t z  

X 
E ( r )  = E,  - - 
A, w N 

n ( r )  .Q 
E., m N  

i s  t a k e n  w i t h  Q a  c o n s t a n t  v e c t o r .  Upon s u b s t i t u t i o n  o f  
N 

e q u a t i o n  (66)  i n  t h e  i n t e g r a n d  o f  e q u a t i o n  ( 6 5 )  i t  i s  

o b t a i n e d  



. . . . . .  . . , . . . ... . ,: . . .  . . wheie. i n  t R e ,  l a s + !  i?e$:uce hb3 been .m.$&e 'of e q b a t i o & :  
, ;  iwda BY 

,[.33) ~ h e r e f o r . 6  ,&e-.fi&$$er&tibn (661':;is &e: . ,., 5 6 ~ & t " . ~  
a f t e t  . solution. . . . .  :%h:&: a . & i ~ i a &  v&cor Q (is n.@w j.detemi&ii.: 

. . . , . , .  . , , '. . . . 
4. . : : :' crom the , ~ & ~ , - j i r i &  -ha) the'inte'rial el ;ect r ic  ieid : z !  

1 . . . . . . 

E a ' :  must vanlshj; , j- ,  . : ., . ~ ' Frint : . . . .  
. , i '  ' ,:. . :  

. . : .  

. . .  
X 

. E.. E. E - .- i h . 4  ' : ,p. . t. 68) 
. . . . & l n t  , ,o 8 .  ;, . . :  ! ; ,  . . 

. . 0 .  ' : ' : :  . ,  
, . 

. . , . 
. . . . . , 

. . .  . . ! 

, '  . 
. . .  

For k l l i p s o i d s  U& . . f i n $ &  d i h & s i o k  whei-e N i s  non-'  
' 6 6 . .  

. , m 

s i n g p l a r  , ., 
, . . 

. . . . .  
1 : 



from equation (46) that 

. . 

In order to compiete khe analogy between condiictors and 

perfectly'~a.l'arisable dielectrics.it will be proved that 

. 
is the body ) S  elertric dipole mohefit. Brom the deflnition 
and equationi (64); (66) and. (25)'  it ~ o l l ~ w s  that 

38 
. . 

From Gauss-Ostrogradsky's theorem 



from which equat ion (72) is  inmediately proved. The 

energy, f o r c e  a n d . t ~ r q u e  equat ions  a r e  t h e  same a s  i n  t h e  

d i e l e c t r i c  case  but .w%th tlie p o l a r i s a b i l i t y  t ensa r  equation . 
(70).  Because from equations (66) a n d  (68) it i s  -f~un¿. &ha+ 

it fol lows f ro* equat io~n ( 2 7 )  t h a t  E+ i s  normal t o  t h e  
.". 

e l l . i p s o i d l s  so r f ace ;  a s  i t  rhoul'd be. 

F o r  t h e  superconducting case ,  according t o  t h e  
6 3 Meiqsner e f f e c t , . ,  i n a p p l i e d  f i e l d s  below a  c e r t a i n  .. 

c r i t i c a 1  value t h e  i n t e r n a 1  magnetic induc t ion  must vanísh,  

This  condi t ion  i s  achieved through t h e  induc t ion  - . of conduc - 
t i o d  current .5 l o c a í i z e d  . in v e r y  &row region ne$t . t h e  

body's su r f ace .  & i n t e r e s t e d  on ly  i n  macroscopie e f f e c t s  * 
i h e s e  cur ren ts .  mey. be descpibed by a su r f ace  cu r r en t  

dens i ty  j . A s  t he  magnetisa'&ion ~ a n d  t h e r e f o r e  ~ j h a v e  
e .  N' N i  

no h y s i c a l  . S  i g n i f  ican-c6 . f o i  ~ u ~ e r c o n d u c t a r ~ ~ ~  t h e  )whole 

d i scuss ion  should, be made i n  terms o f  B .  The con t r ibq t ion  
.v 1 







t h a t  is 
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~ & t b o o k s  @fi i .~ l .&ty j@net i4w:  .,. . , cu~t , - jm~~i&y di s&$s  
. . . . .  . . .:. . . 

, : t he  behaviour o f  $ola$lsabii hoa i e i  &&sed : in .&ni . ,  . ' 
. . .  L 8 . . . .  . . ' . .  . . i ~ a r r o P ~ c 9 ' .  d i i i & & r *  o r  & p e t i c ,  rnedCui. , : ' l : . ,  ' l. . 
. . .  . . . . . i ?. , . . . 

~ h i k  r:e&iii%i(.ihe s tugy  of'&idies . . .  :w%th i n t e r J O r  c a v i t l e  
. . . ~. 

In  @ l l ' t h o s &  di&&sions i é  iis assurned e x p i i c i t i y  $t 
t .  1 

i r n p l i c i t l y  t h a t r i t h e  &dium :is o f .  i f i f i n i ~ t e  e x t e n t . .  0:i. . 
~. 

course  one knowc . t l i a t  . . a l 1  .Sial -odie's a ~ e .  f i n i t e : ,  .' 
. . . :  s o  t h a t  the cco&ditidi mighi be taken  t 6  b e  &.fi. 

eup)lemistic way &f sa$ing $kit the; boundariec a r e  d:istarit 
i . . . . 
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